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MOTIVATION 
(the inverse problems perspective)
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Given a data function
  ( , )
which is measured for
multiple pairs ( , ),
find the absorption  
coefficient ( ) inside 
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Linearized Integral Equation
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How To Invert?
Numerical SVD approach:
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Analytical SVD approach: Making use of the 
translational  invariance
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In the case of RTE, we need the plane-wave decomposition of the
Greens function, of the form
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Motivation Continued
(the spectral methods)
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Solve system of equations :
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The "naive" method:

1) Choose 
2) Make a matrix 
3) Solve 
4) Goto step (1)

Computational complexity: 

z
A z W

A x b

M N

= +

=

×



2

2 2

3 2

The spectral method:

1) Diagonalize  (find eigenvectors  
    and eigenvalues )
2) For every ,

 ;   
( )

Computational complexity: 
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Spectral Method for the RTE ?
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The Conventional Method of Spherical 
Harmonics
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This results in the following system of equations with respect
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“This rather awe-inspiring set of equations … has perhaps only 
academic interest”.

K.M.Case, P.F.Zweifel, Linear Transport Theory



Rotated Reference Frames
The usual sperical harmonics are defined in the laboratory
reference frame. Then  and  are the polar angles of the 

ˆunit vector  in that frame.
θ ϕ

s

THE MAIN IDEA:
For each value of the Fourier variable ,
use spherical harmonics defined in a
reference frame whose z-axis is aligned with
the direction of . 

k

k

We call such frames "rotated".
Spherical harmonics defined in the rotaded frame are

ˆˆdenoted by   ( ; ).Y s k



Rotation of the Laboratory Frame 
(x,y,z).
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RTE in the Angular Basis of Rotated 
Spherical Functions 
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Scalar spectral 
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Source term
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The Spectral Solution
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The integral is not easy… but doable.

Details in J.Phys.A 39, 115 (2006)
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Some Properties of the Eigenvalues
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  If 1 /   - continuous spectrum

    If 1 /   - discrete spectrum
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Density, Current, and the Fick’s Law
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Infinite Space, Point Uni-Directional 
(Sharply-Peaked) Source

(a) forward and backward propagation

-5
max a s

Angular dependence of the specific intensity for forward (a) and backward (b) 
propagation obtained at  = 21, g = 0.98 and /  = 6 · 10 . The distance to the
source  is assumed to be positive fo

l
z

μ μ
r forward propagation and negative 

for backward propagation.



Infinite Space, Point Uni-Directional 
(Sharply-Peaked) Source
(b) off-axis propagation
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a s

Angular distribution of specific intensity for off-axis propagation (relatively small absorption)
Parameters: g = 0.98 and /  = 6 · 10  (a), (b),  = 0.03 (c), (d).μ μ



a s

Angular distribution of specific intensity for off-axis propagation (relatively large absorption)
Parameters: g = 0.98 and /  =  0.2.μ μ



Plane-Wave  Decomposition
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Evanescent Waves
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Z>0
Scattering medium
Propagationd escribed by the RTEHalf-space problem

z<0
Nonscattering medium
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CONCLUSIONS
● The method of rotated reference frames takes advantage 

of all symmetries of the RTE (symmetry with respect to 
rotations and inversions of the reference frame).

● The angular and spatial dependence of the obtained 
solutions is expressed in terms of analytical functions.

● The analytical part of the solution is of considerable 
mathematical complexity. This is traded for relative 
simplicity of the numerical part. We believe that we have 
reduced the numerical part of the computations to the 
absolute minimum allowed by the mathematical structure 
of the RTE.
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