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MOTIVATION
(the inverse problems perspective)
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Given a data function

¢(ps’pd)

which Is measured for
multiple pairs (p.,p,),
find the absorption
coefficient a(r) Inside
the slab




Linearized Integral Equation

$(psps) = | T(py,pyir)da(r)d’s

I 2Py Z4)— | 2Py
B(p..p,)= (p, PusrZy) .o(P PusrZy)
IO(ps’Zs’pd’Zd)
(measurable data-function)

L(ps,pa) =Go(ps, Z41)Go(r;py, Z4)
(first Born approximation)

a(r)=a,+ oa(r)



How To Invert?

Numerical SVD approach:

¢i:ZFij5aJ—
J =10«
N IF'g=TTox
T, (S
o :(F F)regl“¢




Analytical SVD approach: Making use of the
translational invariance
§(4,,00) = [ ¢ (p,.py)e" P 4 d? p.d?p,
=q/2+p, qy=9q/2-p;
Data function: w(q,p)=¢ (q/2+p,q/2—p)

L
w(a.p) =] 9.(a/2+p;2)g,(qa/2-p;2)5d(q;2)dz
0

5é(q;2)dz = jaa(p, 2)e"*d?p
d*q
(2 ﬂ)

Go(p.2ipy.2,) = j g, (q;2)e 0

27 )

Go(ps:2,:p,2) = [——0, (q; )€™+
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(b)
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S.D.Konecky, G.Y.Panasyuk, K.Lee, V.Markel, A.G.Yodh and J.C.Schotland
Imaging complex structures with diffuse light
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In the case of RTE, we need the plane-wave decomposition of the
Greens function, of the form

U B qu 5 2ot AN\AIQ(p—p')
Go(r,s,r,s):J ~0(q;z,8;2',s")e
T

(27)
and the integral kernel

I'(q,p;2) =_[g(q/ 2+p;z.,z,2,8)9(q/ 2-p;z,8;2,,2)d°s
We then get the integral equations of the form

v(a.p) = [ T(a.pi2)0(q; 1)z




Motivation Continued
(the spectral methods)



Solve system of equations :
(z+W)|x)=|b)

Find o(z)=Im(b|x)=Im(b|(z+W)™|b)

for M different values of z, where

Z =X+10 1S acomplex number
W ISan N x N matrix

X)

b) are vectors of length N




The "naive" method:

1) Choose z
2) Make a matrix A=z+W

3) Solve A|x) =|b)
4) Goto step (1)

Computational complexity: M x N°




The spectral method:

1) Diagonalize W (find eigenvectors |n)

and eigenvalues w,)
2) For every z,

~ 7+W ~(X+W_)*+5°
Computational complexity: N° + M x N*

However, if the whole vector |x) is not
needed, the complexity may be as low as
N°+M xN



Spectral Method for the RTE ?

RTE: 8-V +u)I(r,s)= ijA(g ) (r,8)d%8' + &(r, 8)

Where is the "spectral variable" ?
How can we write this equation in the form (z+W)|1) =|e) ?

4, and x4, do not qualify...

We can try to expand I (r,s) into a a 3D Fourier integral
with respect to r and into the basis of ordinary spherical
harmonics Y, (6,¢) with respecttos ...

...and see If the equation can be cast into the desired form.




The Conventional Method of Spherical
Harmonics

This results in the following system of equations with respect
to the vector of the expansion coefficients |I(k)> (k - the Fourier variable) :

IAYK, [1(Kk))+iIAYkK, [1(K))+iAYK, |1 (K))+ D|1(k)) = |e(k))

A AW AR gre different matrices.

A% jsmHCOSng,m(é’ o), (0,p)sinddode , etc. .....

mIm

“This rather awe-inspiring set of equations ... has perhaps only
academic interest”.
K.M.Case, P.F.Zweifel, Linear Transport Theory




Rotated Reference Frames

The usual sperical harmonics are defined in the laboratory
reference frame. Then & and ¢ are the polar angles of the
unit vector s in that frame.

For each value of the Fourier variable k,

use spherical harmonics defined in a
reference frame whose z-axis is aligned with
the direction of k.

THE MAIN IDEA:

We call such frames "rotated".
Spherical harmonics defined in the rotaded frame are

denoted by Y (§;k).



Rotation of the Laboratory Frame
(X,Y,Z).
R I
YIm (§’ k) — Z Drln’m ((Dk 1 ?k , O)Ylm’(g)
A
Wigner D-functions
Euler angles

Spherical functions
In the laboratory
frame




(s-V+u)l =uAl+¢
1(r,s) = [ [(k,8)e™ dk

e(r,8) = [ 8(k,8)e™ dk

(ik-S+ )l = u Al + &

[(k,8) =Y R, (K)Y,, k)
I,m

£(k,8) =Y E, (K)Y,, §:Kk)

A(s,s') = Z AY i (83 lA()ern ($:k)




ikz Rllr;m,Fl’m'(k) +0o,F, (k)= E, (k)
Im’
O, = H, +/us(1_ Al)
Rin' = Ig k Y (’S\;l})me, (’S\;l})dzs -
= Oy [bl (m)5|':|—1 =5 b|+1(m)5|':|+1]




RTE in the Angular Basis of Rotated
Spherical Functions

1(k))+D|1(k)) =] E(\k)>

o Diagonal matrix
Block-tridiagonal Sin it = OO e + 1 (1—A)]
real symmetric matrix

kR
/

Scalar spectral
parameter

Parameters of the phase
function. (For the HG
model, A =g' )



Let D =SS

W =S"RS™

ikR|1(k))+
(ikw +1)S|
1(k))=S"

W‘wﬂ>=/1ﬂ

D|I(k))=|E(k))
1(k))=S"|E(k))
(1+ikW)™S™|E(K))
V)

Sl ). |3 E)

1K) =2,

7,

1+ikiﬂ




The Spectral Solution

<Im‘wﬂ><wﬂ ‘S_l‘E(k»Ylm(g;f{) .

| (r,s) = Z\/*J‘Z 0 olkr 43K
g(r,s)=0(r—r,)o(s—s,)

1
EIm (k) — (272_ 3

The integral is not easy... but doable.

e Y, (S9;k)

Details in J.Phys.A 39, 115 (2006)
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Some Properties of the Eigenvalues

| | | | 10° I I I I I I
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M

FIG.1: Eigenvalues of the matrices W (M) for the follow-
ing parameters: [, = 0.03cm ™1, fhs = 500cm™t, g = 0.98.
These parameters are typical for biological tissues in the
near-infrared spectral range. (a) All eigenvalues of W (0) vs
the eigenvalue number n. (b) The maximum eigenvalues of
the matrices W (M) vs M. In simulations, infinite matrices
W (M) have been truncated so that the size of each matix was
N = 10%.



« If |4| <1/ g, - continuous spectrum
If || >1/ p, - discrete spectrum

* Bounds on the diffuse eigenvalue A4,=max[A4,(0)]

D =cu, Ay
VBB <A< B +B,
,B: b|(0) .ﬁ: 1 ;
" Joo T Bl + - A) ]
2

£ 15[, + (1= A) I, + (1= A) ]

* Bound on the gap: AA=A, — A o jargest
AA > max[\/m— P> = 5,01




Density, Current, and the Fick's Law

u(r) == [ 1r,9)d% ; 30r) == [1(r,8)3d’s
C C
u(r):iim F178 (1P G, - )

3(r) %Z 21+ 1,8 (1R G, - )

r A,
AL A

next largest

J=-DVu , where D=cu,A’

If = <1, then




Infinite Space, Point Uni-Directional
(Sharply-Peaked) Source
(a) forward and backward propagation

10!

'J_“_] |

=20 —
()21 (0%)2] z= =30 ———-
o C 7= —6f* ----
(b)
1“_2 1”—'2 - |
10—3 | peeg beoos e T
0 , 0 , .
l U m/2 0. rad T : 0 /2 6 rad m

Angular dependence of the specific intensity for forward (a) and backward (b)
propagation obtained at | =21, g=0.98 and z /i, =6 - 10™. The distance to the
source z is assumed to be positive for forward propagation and negative

for backward propagation.



Infinite Space, Point Uni-Directional
(Sharply-Peaked) Source
(b) off-axis propagation

17 Two cases:
S, ; a) s in the xy plane
b) s in the yz plane
V.
§ p
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Angular distribution of specific intensity for off-axis propagation (relatively small absorption)
Parameters: g = 0.98 and z, /. = 6 - 10™ (a), (b), =0.03 (c), (d).
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Angular distribution of specific intensity for off-axis propagation (relatively large absorption)
Parameters: g = 0.98 and z,/y, = 0.2.



Plane-\Wave Decomposition
(Im[y, (v, | S [E®)) Y, (8:Kk)

|(l’ S) Z\/7 IZ 1+Iklﬂ |krd3k

A oA d* Sl (- PSR “ inn
Go(r,s;ry,8,) = Z j(z C)I Y (8:2) G (€52,2)Y 0 (545 2)
Im,I'm’ /A

0(q;2,2,) = f—ze'k ) D(q + 2K, )K(\/q2+kf)ﬁ(q+ikz)

\%><%\S 1

- D(k)=e"Me
IWZ

K(w) = Z

cosé, =k, /\/q2 +k?



—i(m-m") g, | I’

9i™(q;2,2,) = \/; [sgn(z—zo)]l+l'+m+m, Z Z Z drlnml[iz-(q/l,u)]

my=—lmy==1"p,2,>0

-Q,(q)|z-2|

><<Im1\l// >e

)72 gy Vol el 17 (92,

Q.(0)= \/qz +1/ A2
cosfiz(x)] = V1+x? , sin[iz(x)]=—ix
Dy (01, 8,7) = €™ty ()€™




Plane waves:

Evanescent Waves

|, =e™" F (s),

k-k=1/2;, k=kn

n - real unit vector

F (8) =D (Im|y, )Y, (5:k)

Evanescent k

WaVes.

+1/2%, q-2=0, k-k=1/2;

Iq

K, = +02 +1/ ]




i =exp£—¥j2v.m(§;z> exp(%“q”k)dm (G)(1]4,(M))

(plane wave modes)

19— exp[iq-p - Qui ()2] > Vi (5:2) exp(‘ﬁ'm%)( 1y md! (614, (M))

(evanescent modes)

d%q | . ] A
G (l’ S, l.0 SO) Zj qz I((lM)n (l’ S)VanI(ql)\/In (rO’_SO)

1
Vo =
" QMn (q)ﬂ’l\z/ln




Half-space problem

z<0
Nonscattering medium




‘Eir S Os

pa/ps = 6.0 x 107°, g = 0.98.
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CONCLUSIONS

. The method of rotated reference frames takes advantage

of all symmetries of the RTE (symmetry with respect to
rotations and inversions of the reference frame).

. The angular and spatial dependence of the obtained

solutions is expressed in terms of analytical functions.

. The analytical part of the solution is of considerable

mathematical complexity. This is traded for relative
simplicity of the numerical part. We believe that we have
reduced the numerical part of the computations to the

absolute minimum allowed by the mathematical structure
of the RTE.
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