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1.1 INTR ODUCTION

Investigation of the optical properties of carbonaceoussmoke produced by
incomplete combustion of di®erert types of fuels or wild res has practical
importance for many application areas,sud as climate researt and remote
sensingof res, to namejust a few. As the number of referencesin the end of
this chapter attest, very active and vigorous researt into the optical proper-
ties of smoke was being conducted in the past 30 years. Many of the experi-
mental and theoretical questionsare now resolved. The geometrical structure
and chemical composition of soot aggregateshas been studied in detail (see
the chapter by Mikhailov, Vlasenko and Kiselev in this volume), and many
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analytical and numerical methods for calculating the optical characteristics
and for obtaining physical properties of smoke from optical measuremers
have been deweloped. Howewver, there are seweral factors that preclude this
topic from being closed.

Most of the quantitativ ely accurate results in the visible and near-infrared
spectral regions appeared only recertly, as increasingly powerful computers
becameavailable. Howewer, when the wavelength is further increased,the
electromagnetic interaction of small carbon nanospheresthat comprise soot
particles becomesstronger and more important, and so becomesimportant
the geometrical structure of soot. This was demonstrated by Bruce and co-
authors [1] who measuredoptical characteristics of dieselsoot from the visible
to the certimeter wavelength range. Unfortunately, most analytical and nu-
merical methods becomelesse®ective, or even not applicable, when the inter-
action of primary nanospheresecomesstrong. This fact is, of course,evident
for perturbativ e methods which treat sud interaction asa perturbation. But
this is also true for non-perturbativ e numerical methods basedon the multi-
pole expansionof “elds scatteredby ead nanosphereand satisfying boundary
conditions at ead surfaceof discortin uity. Generally, such approaceslead to
an in nite systemof linear equationswith respect to the unknown expansion
coezcients, which hasto be truncated. After the truncation, its dimension-
ality is » N (L + 1)2, where N is the number of monomersin a soot cluster
and L is the maximum order of the spherical harmonics involved in the ex-
pansion. As will beillustrated below, the value of L required for satisfactory
cornvergenceof the method grows with the wavelength, and eventually makes
obtaining a numerical solution not feasible. We will discussin this chapter
a non-perturbativ e method basedon the geometrical renormalization of clus-
ters. This method allows oneto stay within the dipole approximation (L = 0)
and, therefore, lacks the numerical complexity of the full multip ole expansion.

Another reasonwhy the researt into the optics of carbonaceoussoot is far
from being completedis the complexity of the object. Indeed, most of the re-
sults obtained in the literature assumethe most simple geometrical structure
and composition of soot clusters. In practice, soot is much more complicated,
both geometrically and chemically. In the atmosphere,soot can interact and
form agglomerateswith moisture and other chemical elemerns, which canlead
to restructuring and a signi cant changein optical properties. The chapter
by Mikhailov, Vlasenko and Kiselev is largely devoted to this circle of prob-
lems, as well asto experimental and theoretical aspects of studying the soot
structure variability and its implications for optical properties.

In this chapter we focus on analytical and numerical approadesto calcu-
lating optical properties of fractal smoke with a simple fractal structure and
optical constarts that are assumedto be known. Thus, we will consider a
purely electromagneticproblem, leaving a lot of complexity that is character-
istic to physical properties of soot out of the frame of discussion. Howeer,
two intro ductory sectionsgive a brief review of the geometrical properties and
optical constarts of fractal soot, sincethey are usedin numerical examples
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throughout the chapter. In the last two sectionswe will considertwo topics
that are, in a sense,non-traditional: °uctuations of light intensity scattered
by random smolke aggregatesand the absorption of light by the smoke clusters
placed inside water microdroplets, both in the "rst Born approximation.

1.2 GEOMETRICAL PR OPER TIES

It has been long recognizedthat smoke usually consists of agglomeratesof
hundreds or thousand of small, nearly-spherical particles (monomers) with
typical radii varying from 10to 50 nm, depending on the origin of the smoke[1,
2, 3, 4, 5, 6]. The distribution of monomer sizesfor a speci ¢ type of smoke
is, however, signi cantly more narrow, and it is customary to assumethat the
diameters of the spherical monomersare the same. A sample micrograph of
seweral smoke agglomeratesis shavn in Fig. 1.1a(courtesy of E.F.Mikhailo v,
S.S.Vlasenk and A.A.Kiselev). The readerwill recognizethat smoke clusters
have fractal geometry. This fact wasveri ed experimertally by digitization of
electron micrograph imagessimilar to the oneshown in Fig. 1.1a[3, 5, 7, 8, 9]
and by scattering experimerts [7, 8, 10, 11], and the value of fractal dimension
D was shaown to be closeto 1:8.

The geometrical structure of smoke aggregatesis most often simulated us-
ing the cluster-cluster aggregationmodel intro duced by Meakin [12] and Jul-
lien, Kolb and Botet [13]. In this model, monomersare sparselyand randomly
distributed in spaceat the initial momen of time and then allowed to move
via Brownian tra jectories, sticking on contact. The subclustersformed in this
processcortinue to move, colliding and sticking with other subclusters and
isolated monomers,until large agglomeratesare formed. A sample computer-
generatedcluster-cluster aggregateis showvn in Fig. 1.1b. The Meakin model
accurately describesthe statistical properties of soot becauseit capturesthe
most important features of the real aggregationprocess:sub-clustersof vari-
ous sizesand individual particles move in spacesimultaneously and indepen-
dently, there is no xed certer of aggregation,and the dependenceof mobility
of individual subclusters on their mass can be easily taken into accourt in
simulations.

Although the visual resenblance of the experimental and computer-genera-
ted samplesin Fig. 1.1 is more or lessapparert, a comparisonis complicated
due to the random nature of the smoke agglomerates. Therefore, it is essetial
to study the statistical characteristics of the clusters. One of the most im-
portant of such characteristics, from the point of view of optical properties, is
the pair density-density correlation function p(r) which can be de ned asthe
probability density to 'nd a pair of distinct monomersseparatedby the dis-
tancer. The Fourier transform of p(r) givesthe optical structure factor [14].
For fractals, this function obeys the power-law dependenceon r in the so-
called intermediate asymptote region| ¢ r ¢ Rg, wherel is the distance
betweentwo neighboring monomers(referred to asthe \lattice unit" below),
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Fig. 1.1 Experimental (a) and computer-generated(b) smoke clusters.

and Ry is the cluster radius of gyration, de ned as Ry = P hrii Rem)?i,
with r; and Ry, beingthe radius vectors of the ith monomerin a cluster and
of the cluster's certer of mass. In fact, the above inequalities do not needto
be especially strong (usually, the factor of 2 is sutcient), and sincemost of the
physically important integrals involving p(r) convergeat the lower limit, the
region of applicability of the scalingformula can be extendedto r = 0. Then,
for a monodisperseensenble of random soot clusters, p(r) can be written in
the most generalform as
z 1

p(rydr =1; (1.1)

B

arDi 1f o
NID Rg(N)
where N is the number of monomersin a cluster, a is a numerical constart of
the order of unity, D is the fractal dimensionand f (x) is the cuto® function,
such that f (0) = 1, jd (0)=dxj < 1 . The two-point correlation function found
numerically in [15 is shown in Fig. 1.2a.
The dependenceof the gyration radius on N is alsogoverned by the fractal
dimension,

p(r) =

Rg(N) = bIN*™® ; (1.2)

where b is another dimensionlessconstart.
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Fig. 1.2 Two-point correlation functions p(r) for cluster-cluster aggregateswith
di®erent numbers of particles N (a) and the corresponding cuto® function f (x) (b).
In (b), dashed lines correspond to the generalized exponertial cuto® of the form
f(x) = exp(j ®& ), and the certered symbols (circles and triangles) - to the nu-
merical calculations. The values of the constarts are ® = 0:344 =~ = 2:238 for
N = 5;000and ® = 0:273 = = 2:489for N = 15,000

In arecert numerical study [15] we have found that the constarts D deter-
mined from Egs.1.1and 1.2 can be slightly di®erert 1. We have also evaluated
the constarts a and b numerically for computer-generatedcluster-cluster ag-
gregates[15] and found that a ¥4 4 and b% 0:6, in qualitative agreemenm with
other studies. We estimate from the data of Mountain and Mulholland [17]
and Cai, Oh, Sorensenret al. [8, 11, 18] that b%2 0:4. The valuesof a constart
related to b (and of the fractal dimension) obtained from numerical simula-
tions by di®erent authors were reviewed by Wu and Friedlander [19], with
b varying in the range from 0:25 to 0:5. It should be noted that while the
formulas (1.1),(1.2) are quite universal, the speci ¢ valuesof a and b can vary
depending on the regime of aggregation. They are alsosensitive to the number
of primary particles employed in numerical calculations. In our calculations,
the maximum value of N employed for the numerical tting of (1.2) was
20; 000, which is signi cantly larger than the maximum N in the set of data
preserted by Wu and Friedlander [19] (Nmax = 500). The dependenceon N
can be explained by the phenomenonof multiscaling, when the characteristic
constarts can slowly dependon N [15].

1This phenomenon is related to multiscaling [16].
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Signi cantly lessinformation can be found on the constart a. Howewer,
when the form of the cuto®function f (x) is speci ed, a is not an independert
constart becauseof the normalization condition. The combination abP is
"xed and can be calculated from the form of the cuto® function. We have
estimated that abP ¥4 1:6 [15].

When the physically important integrals involving p(r) corverge at the
upper limit while r is still smallerthan Ry, and the value of the cuto®function
in (1.1) doesnot deviate signi cantly from unity, the knowledge of the exact
form of the cuto® function f (x) is not necessary This was illustrated by
Berry and Percival in the frame of the mean-eld approximation [20], and we
will seesuch examplesbelow. But in general,the form of f (x) in°uencesthe
optical properties. The well-known example is the "rst Born approximation
for the di®ereriial scattering cross section for the \in termediate” values of
the transmitted wave vector q = jk j kY » 1=Ry [14]. The most frequertly
discussedforms of f (x) are the generalizedexponertial f (x) = exp(j ® )
(the Gaussiancuto®is the particular case = 2) and the so-calledoverlapping
spherescut o®f (x) = (X | Xo)2(X + 2X0)=2x3 if X < Xq, which is the exact
analytic cuto®for a random non-fractal gasof particles enclosedin a spherical
volume.

Mountain and Mulholland found numerically that f (x) is of a generalized
exponertial form with ® = 0:2 and = = 2:5 [17]. Sorensenand co-authors
studied the cuto® functions by analyzing electron micrographs of soot clus-
ters [11] and also indirectly by analyzing light scattering data [21, 22] (with
the interpretation of the scattering data basedon the rst Born approxima-
tion) and found that f (x) is decaying with x much faster than exponertially,
with the Gaussiancuto® being a fairly good approximation. Our numerical
results, in qualitativ e agreemen with the above references,also con rm the
a generalizedexponertial form of f (x) with coexcients ® and = exhibiting
a slow systematic dependenceon the number of monomersN. An example
of generalizedexponertial t to the numerically calculated f (x) is shavn in
Fig. 1.2b (seethe "gure caption for details).

To conclude this section, we brie°y discusshigher-order correlation func-
tions. They naturally appearin higher orders of the perturbation theory, or
when °uctuations of the optical characteristics (rather than the ensenble-
averagequartities) are considered[15, 23]. In a Gaussianmedium, all higher-
order correlation functions can be expressedanalytically through the second-
order correlators [24]. This fact signi cantly simpli es the diagrammatic tech-
nique in the perturbation expansion of the mean- eld for wave propagation
in random Gaussianmedium [25]. However, as we have veri ed numerically,
fractal cluster-cluster aggregatesare not Gaussian[15]. Becauseof the many
similarities between the computer-generated cluster-cluster aggregatesand
real smoke clusters, it is reasonableto believe that this conclusionis also
true for real smoke. As an example, we have studied in detail the reduced
four-point correlation function p4(r) [15] which isimportant for describingthe
deviations of scattered intensity from the averagedue to the random nature
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Fig. 1.3 Four-point correlation function p4(r) calculated numerically (centered sym-
bols) and from the analytic expression(1.3) with n = 2, ¢y ¥ ¢; ¥ 23 (solid line) for
di®erert N. The gyration radius Ry changesfrom ¥4 50 for N = 5;000to0 ¥ 100
for N = 20; 000,

of clusters (see Sec.1.5). The correlator ps(r) is de ned as the probability
density to nd the distancejri i rj + rij rjfi 6 j, k 8 I, and any of the
pair of indices (i; j) can coincide with any of of the pair (k;)]. It was found
that p4(r) is not described by a scaling formula with a cuto® similar to (1.1),
but is given by a seriesof the form

2 h Tkeoi 3

P = sy D g ; (L:3)
k=0

where ¢, are dimensionlesspositive coexcients which have to be determined
numerically. Approximation of ps(r) by the expression(1.3) is illustrated in
Fig. 1.3. By increasingthe number of terms n in (1.3), it is possibleto t
p4(r) for increasingly higher valuesof r. The important feature of (1.3) is that
the coezcients ¢k do not depend on N (apart from a very weak multiscaling
dependence)and arein that senseuniversal, which distinguishes(1.3) from an
arbitrary power expansion. Another important feature of Eq.(1.3) is that p4(r)
can not be described by a universal scaling behavior with a cuto® function
of the type pa(r) = r?f (r=Ry)=N3PI3. Although a function f (x) can be
found from (1.3), its rst derivative divergesat x = 0 for D < 2 (one of the
requiremerts for the cuto® function is a nite derivative at x = 0).
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Fig. 1.4 (a): Realandimaginary parts of the complexrefraction indexm = n+ik of
carbon calculated from the data of Dalzell and Saro m [26]. (b): Spectral dependence
of the parametersX and £de ned by 1=A= j (X + it), A= (3=4Y)(2; 1)=(2+ 2).

1.3 OPTICAL CONST ANTS OF CARBON SMOKE

Dalzell and Saro m [26] studied the optical constarts of sewral soots using
re°ectancemeasuremets. They suggesteda dispersionformula that describes
quite accurately experimental measuremets and is basedon the well-known
guantum expressionfor the complex dielectric function

2(1 X fa

(')_ll n!zi!§+ion!' (14)
Earlier, Taft and Philipp [27] identied experimenrtally three optical reso-
nancesin graphite, two of which correspond to bound electrons and one to
a conduction electron. The resonancefrequenciesare ! ; = 0 (conduction
electron), ! 1 = 1:25¢10%sec¢ ! and ! , = 7:25¢10'°s ! (or corresponding
wavelengths: . .= 1, ,; = 1:51'm, , , = 0:26! m). The valuesof the relax-
ation constarts werefound to be °; = °; = 6:00¢10%°s 1, °, = 7:25¢10'%s' 1,
Dalzell and Saro m assumedthat the sameelectronic transitions cortribute
to the dielectric constart of carbon soot and usedthe above valuesof! , °, to
't the formula (1.4) to their experimental data treating f,, which depend on
concerration of optically active electrons,asfree parameters. A very accurate
"t to the experimental data for propane soot was achieved for the following
valuesof f,,: fo = 4:04¢10'%s 1, f; = 2:93¢10%sec 1, f, = 9:54¢10°s 1 in
the spectral range0:4'm< | < 10t m.
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The real and imaginary parts of the complex refraction index m = Pz
n + ik calculated from formula (1.4) with the constarts speci ed above are
illustrated in Fig. 1.4a. The wavelength range in Fig. 1.4ais somewhat ex-
panded comparedto the range of experimental measuremets by Dalzel and
Sarom (from 0:4 to 10 m) towards shorter wavelengths, so that the high-
frequencyresonanceat , = 0:26' m is clearly visible.

Analogousthree-electron dispersion formulas were usedby Habib and Ver-
visch [28] to describe optical constarts of smoke at the °ame temperatures.
The temperature dependenceis mainly governed by the temperature depen-
dence of the conduction electron relaxation constart: °c. / T2 (Lee and
Tien [29]). Another issuediscussedin the literature is the dependenceof the
free-electronconceriration on the H/C ratio of the fuel [26, 28, 29].

We usethe formula (1.4) with the valuesof constarts speci ed above in all
our numerical examples.

In Fig. 1.4b we alsoshaw the spectral dependenceof two important optical
parameters, X and #, originally introduced in [30, 31]>. They are de ned
as X = j Re[1=A], + = j Im[1=A], where A = (3=4%)(2; 1)=(2+ 2). The
physical meaning of these parameters [30, 31] is that X is the generalized
detuning from the resonanceand % - the generalizedabsorption strength. As
we will seebelow, analysis of the spectral dependenceof these variables can
be useful even when the number of optical resonancesis greater than one
(at least three in the caseof black carbon) and the spectral dependenceof
2 js more complicated than in the simple Drude model with one optically
active electron. Note that X and #, as de ned above, are dimensionlessand
independert of the sample geometry.

1.4 OPTICAL PROPERTIES OF SMOKE

In this section we review some of the theoretical and numerical approaces
to the calculation of optical characteristics of smoke clusters. In particular,
we will discussoptical crosssectionsof linear scattering, absorption and ex-
tinction. A special emphasiswill be made on the extinction, and numerical
examplesin this section will be restricted, due to the volume limitations, to
illustration of the extinction crosssection. A review of the structure factor
and scattering in the Born approximation can be found in the chapter by
Mikhailov and co-authors.

2X and * used in [30, 31] di®er from the dimensionless parameters dened below by a
multiplicativ e factor (bl)® which has the dimensionalit y of length cubed.
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1.4.1 Basic equations

A very cornveniert starting point for solving the problem of linear interaction
of electromagnetic waves with smoke clusters is the Lippman-Schwinger for-
mulation or, more speci cally, the Maxwell equations in the integral form,
written for the polarization function P(r) inside the soot material:

" 7 #

X
P(r)= A Einc(r) + Gr(ri rOPI9ErO ; r2 v ; (1.5)
=1 Vi

A= E=4)[(i D=2+ 2): (1.6)

In the next few paragraphswe explain the notations usedin (1.5) and their
physical meaning.

First, sincewe are consideringonly the linear interaction betweenthe EM
“elds and matter, Eq. (1.5) is written in the frequency domain for just one
(but yet unspeci ed) value of the frequency! . The time-dependencefactor,
e " t iscommonto all time-varying quantities and will be omitted everywhere
below.

The incident "eld, Ejnc , canbe,in principle, arbitrary, aslong asit satis es
the free-spaceMaxwell equations. In most practical cases,the curvature of
the wave front of the incident radiation is much larger than the characteristic
systemsize,and it is sutcient to considerincident plane waves of the form

Einc (r) = Epexp(ik ¢r) ; 2.7)

wherek = ! =cis the free-spacewave number. In this sectionwe will consider
only planeincident waves. However, in Sec.1.6 the smoke aggregateswill be
placed inside water microdroplets and the incident "eld will be replaced by
vector spherical harmonics.

Next, Gg(r) is the regular part of the free-spaceGreen's function for the
vector wave equation. If there is a point dipole d at the origin, the electric
“eld at a point r 6 0 is given by E(r) = Gg(r)d. The Green's function is
a tensor (dyadic) becauseit transforms one vector into another, which is, in
general,not collinear with the rst one. That is why a hat is placedover\ G".
The complete Green'sfunction G(r) cortains both regular and singular parts:

E(r) = Gr(r)i %1/“10)[“; (1.8)

where " is the unity tensor and +(r) the delta-function. The coordinate rep-
resertation of Gg(r) is given by

(Gr(N) g = K® £A(kr)i®— + B(kr)r®r—:rZIJ ; (1.9)
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A(x) = [xI T+ ixi 2 xi ®lexp(ix) ; (1.10)

B(x)=[i xi i 3ix' 2+ 3x 3exp(ix) : (1.11)

where the Greek indices denote the Cartesian componerts and g~ is the
Kronecker delta symbol. However, calculation of spatial integrals that arise
in the perturbation expansionconsideredin Sec.1.4.2is much easierwith the
use of the following represernation of the complete Green's function:

H 1.0
A= M+ pr“r“ a(r) ; (1.12)
24k
o = K (1.13)

r

whereg(r) is the scalarGreen'sfunction. The notation " /" canbe understood
asi'"F =r (r ¢F).
The integral in (1.5) is taken over the region occupied by the soot material

We will also denote by Vit the spaceregion occupied by all monomers,i.e.,
Vit = Vi[ Vo[ :::[ Wn. The certer of eat spherical region is located at
the point r;, and its radius is R, (samefor all monomers). We denote the
monomervolume by v [v = (4¥#3)R3 ] and the total volume of all monomers
by viet (Viot = NV). Thus, the capital letter V will be usedto denote the
gpatial regions, while wﬁll \rtheir volumes. Below, we will write sometimes
v, asashortcut for ;.

We also assumethat Ry, ¢ , throughout this chapter. This is a fun-
damertal assumption usedin all derivations and numerical examplesbelow.
Although it is usually quite accurate, the ratio R, =, can becomenot small
in the visible spectral range for sometypesof smoke produced by huge res
(in which casethe size of prmary spherestends to be larger), and, of course,
Rm=, cannot be consideredas small for shorter wavelengths. The in°uence
of the "nite monomer sizewas studied by Mulholland and co-authors[32, 33].

Finally, the coupling constart A (1.6) is, in fact, the dielectric susceptibility
of a spherein the quasistatic limit. Howewer, no quasistatic approximations
were madein Eq. (1.5).

The polarization function P(r) can be usedto calculate all optical proper-
ties of the smoke clusters. The scattering amplitude f(k©) is given by

Z Y 1 Ya
f(k9 = k? P(r) i p[P(r) ¢kIk® exp(j ik%¢r)dr ; (1.14)
VlOI

with k°beingthe scatteredwave vector and k the incident wave vector, where
jki=jkj=k="1=c
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The di®erertial scattering crosssectionis given by

d¥% _ jf(k9i* .

d-  jEoj2 ’
and the integral extinction, scattering, and absorption crosssections, %, %,
and ¥, respectively, can be found from the optical theorem:

(1.15)

_ amlf (k) ¢E] .

3
KEo? ; (1.16)
1 Z
3/, — H 240 .
Vs B jif (k9j%d- ; (1.17)
Ya=Yei Ys; (1.18)

where we have assumedexcitation by a plane wave of the form (1.7).
The expressionfor the extinction crosssection follows readily from (1.16)

and (1.14):

. _ YK z o 3

Ye = ——Im P(r) ¢E; (r)d°r : (1.129)

JEoj® " v

The expressionsfor the integral scattering and absorption crosssectionscon-
tain double volume integration, since ¥ is quadratic in f. Howewer, the
angular integration in (1.17) and one of one of the volume integrals can be cal-
culated in the most generalform with the usethe main equation (1.5) [34, 39,
which leadsto expressiondor the integral crosssectionsthat cortain only one
volume integration. The result for the absorption has a more compact form:

z
4K+
o= —> P(r) ¢P(r)dr ; (1.20)
JEoj* vy,
where the parameter + = j Im[1=A] was introduced in Sec.1.3. The integral
scattering cross section can be found as the di®erencebetween (1.19) and

(1.20).

The above formulastake an elegar form if we intro duceoperator notations.
First, we notice that the integral transformation on the r.h.s. of Eq. (1.5) has
the form of a linear integral operator acting on what can be viewed as an
elemen of an in nite-dimensional Hilbert spaceL »(Vit) of vector functions
that are square-irtegrable in Vi, . Thus, we can introduce a linear operator
W that acts on an arbitrary elemen jfi of L,(V:) accordingto the rule

Z
Wifi ! Gr(ri rOf(r9d®® r 2 Vit : (1.21)
Viot
The operator W is an in nite-dimensional symmetrical operator. It is a
\mixed" operator in the sensethat it is both tensorial and integral. We
can easily verify that if jfi is an elemen of L,(Viot ), then Wifi is also an
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elemen of L,(Vt ). Further, we can de ne a scalar product of two vectors
jfi and jgi and a norm in L,(V) as
Z
hgjf i = g°(r) ¢f(r)dr ; (1.22)
Viot
ifii=" Hjfi; (1.23)
respectively. Using the above notations, we can rewrite (1.5) as
jPi = A[[Einci + WjPi] ; (1.24)
wherethe vector jPi correspndsto the polarization function P(r) and jEjq i
to the incident "eld. The expressionsfor the optical crosssectionstake the
following forms:
4vK . 4K
) -3, =
jonzlmkElncJF” y Va iEoj
To concludethis section, we raisethe considerationto a slightly higher level

of abstraction. The solution to the operator equation (1.24) can be written
in symbolic form as

Yy = “tPiPi : (1.25)

jPi = [1=A] W] YjEinci (1.26)
The operator R(E) = [E | W] 1, whereE is an arbitrary (complex) scalaris
called the resolventof the operator W. The extinction crosssectionis given
by the diagonal matrix elemen of the resohert, hEinc jR(1=A)jEinc i.
For an arbitrary Hermitian operator H, the resolvent can be expandedin
terms of the eigervectorsof H as

1 _ X jnihnj

RE)= =R~ CEiEn’

(1.27)

where jni and E, are the eigervectors and eigervaluesof H. However, W is
not Hermitian but complexand symmetrical. The symmetry of W should be
understood as the following property of the kernel Gg:

Gr(r) = Gr(i 1); (Gr(N)g = (Gr(N)-g : (1.28)
Thesetwo equalities provide that, for two arbitrary elemens of Lo (Viet ), jfi
and jgi,

H °jWigi = hg®jWijf i ; (1.29)
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wherethe asterisk denotesthe complexconjugation of the corresponding func-
tion. 3 Eq. (1.29) can be viewed as a generalizedsymmetry condition for W.
It can be usedto prove that if jfi and jgi are two di®erent (linear indepen-
dent) eigervectors of W, they obey H%jgi = 0 [34], which is an analog of
the orthogonality condition for eigenfunctionsof Hermitian operators (which
is HFjgi = 0). This property, in turn, can be usedto write an analog of
expansion(1.27) for the non-Hermitian operator W':

1 X jnihn®j
Ei W mni[Ei wy]

R(E) = (1.30)
Analogously to the notations of Eq. (1.27), we denote the eigervectors and
eigervaluesof W by jni and w,. Howewer, now wy is, generally a complex
number, as well as the factor m®jni in the denominator of (1.30). We em-
phasizethat m"jni 6 mjni. The latter value is equalto unity for normalized
eigervectors, while the former is a complex number.

Now we recall that the genericvariable E hasto be substituted by 1=Ain
(2.30). This fact and the structure of Eq. (1.30) emphasizethe importance
of the parameters X and # introduced in the end of Sec.1.3. According to
the denition, 1=A = j (X + i+). If the interaction between monomersis
turned o®, for example, by disaggregatinga smoke cluster and moving the
monomersfar from ead other, all the eigervaluesw, turn to zero. Then X
plays the role of the generalizeddetuning from the resonanceof an isolated
(noninteracting) monomer, while * is the energylossparameter (again, in the
absenceof interaction). In the presenceof interaction, the eigervalues wy
becomenonzero. The real parts of wy's describe frequency shifts of collective
resonanceswhile the imaginary parts can changethe collective radiativ e losses
due to constructive or destructive interference.

In the quasistatic approximation, when the system size is much smaller
than the wavelength, the operator W becomesHermitian, and all wy's are
real and independert of the optical frequency [31]. The only source of the
spectral dependenceof the solution is in this casethe spectral dependenceof
X andzon,.

1.4.2 Perturbativ e metho ds

It is conveniert to build the perturbation expansionsof the optical crosssec-
tions starting from the operator form (1.24) of the integral Maxwell equations.
The Born expansionfor the polarization function jPi is obtained by iterating

(1.24):

3In our notations the symbol Hf j stands for the complex conjugate of the function f, and
hence, hf °j is, in fact, the function f itself. This system of notations may seemto be
arti cial, but we have decided to follow the standard Dirac notations, though they are
more appropriate for Hermitian operators, while the operator W is not Hermitian.
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p3
iPi= A  (AW)XEinci : (1.31)
k=0
The corresponding expansion for the extinction cross section follows from
(1.25) and (1.31):

" "
R - hEinc j\WXjEin i
Yo = kv Im A B AR - g, - c=inedW JEincl (1.32)
k=0 FEinc jEinc i
where we have taken into accourt that hEi¢ jEinci = Vit JEoj?. Because

W is an integral operator (see(1.21)), a calculation of the coexcients By
requiresa calculation of k + 1 volume integrals over Vit . The approximation
in which only the "rst non-zeroterm in (1.32) is left is often called the “rst
Born approximation (the corresponding coezcient is Bo in our notations).
Multiple scattering is completely neglectedin this approximation. In the next
order (secondBorn approximation), the coetcient B is retained. Physically,
this is equivalert to taking into accourt double scattering. The corvergence
condition for the Born expansionis max[jAw,j] < 1.

One can improve the corvergenceof the perturbation expansionfor % by
adopting a more sophisticated approach. According to (1.25),(1.26), ¥% /
IMMEjne jR(1=A)jEinc i, whereR(E) = [E | W]i 1. To obtain an expansionof
this matrix elemen of the resolent, we build an innite sequenceof vectors
jPxi and complex numbers Qx suc that (y standsfor Hermitian conjugation)

WYjPyi = Qa1 jEinci + jPhsai s k= 0,121 ; (1.33)
WPy jEinci = 0; 8k > 0 (1.34)
iPoi = jEinci (1.35)

It is straightforward to show that recursion (1.33) de nes a unique set of jPyi
and Qx and

iPei = (TWY)KjEinci ; k= 0;2;2;::: (1.36)
I"Einch\/(TW)ki ljEinci
= - - k=123 1.37
Qk I"Einc]Einc l ( )
- jEinc ihEincj
T 1] ————— 1.38
! I‘EincJEinc| ( )

Here T is the projection operator with respect to the vector jEc i. Note that

the vectorsjPgi are, in general,not normalized or mutually orthogonal.
Next, wede ne avectorjAi ~ [1=Aj W]i YjEinc i, sothat FEjnc jR(1=A)jEinc i =

hEinc jAi, and notice that HEi,c jAi must satisfy the equation
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I'Eincjig\i = A[MEinc jEinc i + I'EianWin] : (1.39)
It also follows from the de nition of jAi that

HP(jWAi = Quer MEinc jAi + APy.1 jWAI; k. O (1.40)

B

Acting repeatedly n times by the operator W to the left in Eq.(1.39) and
using the recursion (1.40), we obtain

.~ ~E o R R
PEinc JAi = A TEinc jEinc | + (Q1 + QoA+ QzA% + e
+Qn A" HYFE ¢ jAI + ATHP, jWJAI (1.41)

The above equation can be rewritten as

: N . AFEinc [Einc i
FEinc JR(1=A)jEinc i = FEinc jAi = % +om (1.42)
The residual term, »,, still dependson the unknown vector jAi and is given
by
" o #
m = ATHPL AT 15 QAKX : (1.43)
k=1
Neglecting »,, we can write the expansionfor the extinction crosssection:

Yo = AVKVig IM hEinc JR(E)jEinc i = AYkvig IM - P A ] :
[ k=1

HEinc jEinc i QkAk
(1.44)
Equivalently, this can be rewritten as
Yo = 4YKVior Im -~ ! ~ 5 ; (1.45)
1=Ai Qui 8(A)

where the self-energy8(A) is given by §(A) = P v_1 Qus+1 A€, The expan-
sion (1.45) hasthe form of the Dyson equation. In the rst order, by neglect-
ing the self-energy we recover the result of the mean-eld approximation,
which wasintroducedby Berry and Percival [20] for the problem of scattering
of light by fractal smoke clusters (the constart Q; in (1.45) above is analogous
to the constart P in Ref. [20]). In fact, the mean-"eld result sernes as the
“rst-order approximation for the above expansion.

The expansioncoezcients Qi can be easily expressedin terms of the cor-
responding coezxcients for the Born expansion,By. For the rst few terms,
Q1= B1,Q2=Byj B? Q3= Bsj 2B1B,+ B}. Therefore,in order to build
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the expansion(1.45), it is suxcient to calculate the volume integrals involved
in the calculation of the By's.

It is instructiv e to comparethe expansion(1.44) with the Born expansion.
One can show (the details of the derivation are omitted) that the Taylor ex-
pansion of (1.44) with respect to powers of A where only the n rst Qy's are
left in the denominator exactly coincideswith the Born expansion(1.32) up to
the order k = n in A. For k > n, the absolute value of the di®erencebetween
the coezcients in thesetwo expansionsis not greaterthan the absolutevalues
of the corresponding coexcients By. For example,in the n = 2 case,the dif-
ferencein the third-order coetcients is Bz 2Q1Q2i Q3 = hEinc jWjEinci°,
and jhEinc jWjEinc ij2 - jB3j = jhEinc jW3jEinc ij (generalizedHAlder inequal-
ity). Practically, this meansthat (a) if the expansion (1.32) converges,the
expansion (1.44) also convergesand (b) the corvergenceof (1.44) is at least
as fast as that of (1.32). Evenin the “rst order, the expansion (1.44) con-
tains in nite orders of multiple scattering, which is known to be true for the
mean-"eld approximation [20].

Now we turn our attention to the calculation of the coexcients Bx. The
‘rst coezxcient is trivial, Bg = 1. Next, we recall that W is an integral
operator de ned by (1.21) and write B, as

r‘Einc joEinc i
! Viot | E 0j? ( )
x £ oz h i
hEinc jWjEinc i = d®r B EX (1) ¢Gr(ri rYEinc (r%Y : (1.47)
=1 Vi Vi

Using the fundamertal assumption of small primary particles kR, ¢ 1 (Rm
is the radius of the spherical volumesV;;V;) and using Eq. (1.7), we replace
Einc (r9 by Eqexp(ik ¢rj) and Ef. (r) - by Eqexp(i ik ¢r;) in the above
integral, and group the terms with i = j together to obtain

X Z VA h i
hEinc JWjEinc i = dr &% E§¢Gr(ri r9E, +
Yy -
X h i
+ dktmind) @B %0 ESeBr(ri rYE, : (1.48)
i§j Vi Vj

The double integral over the samevolume V; in the rst term of (1.48) turns
to zeroin the limit Ry, ¢ ,. This can be easily illustrated by considering
Eq.(1.5) for a single spherecase(N = 1) and observing that in this limit
P = AE, = constinside the sphere;hence,the integral on the r.h.s of (1.5)
must go to zero. The integral over the di®erert volumesV; and V; can be
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easily evaluated using (1.12),(1.13) and the spherical harmonic expansion of

g(r i r [361:

XX
g(ri r9 = 4vik3 j.(kr<)h|(l)(kr>)Y,?n(— ) YimC ) (1.49)

1=0 m=j |

where j|(x);h|(l) (x) are the spherical Besseland Hankel functions, r< =
min(r;r9, r. = max(r;r%, and Y| (- ;) are spherical harmonics. Choos-
ing the origin at the certer of the volume V;, we nd that r> =r, rc = ro
and

Z
g(ri rOdro=
VJ
XX Zg, Z
4k ® WO KO Yim G 0) GikrO(r92dr® Y3 (- ro)d- o 1 (1.50)
0

1=0 m=j |

R _
Taking accourt of the fact that Y, (- ro)d- o = P 4Y 0% 0, this is simplied
to

z Z R,
g(r i r9d®= avih{) (kr) jo(x)x2dx =
\ 0
= v (kRm)g(r) ; (1.51)
T(x) = 3j1(x)=x= 3(sinx j xcosx)=x>: (1.52)
The Taylor expansionof ~(x) nearx = 0is ~ (x) = 1 x?=10+ :::. Sincewe

already neglectedthe phasedependenceof the incident “eld over the volume
of integration, keeping the terms of the order of x? amourts to excessie

precision. Therefore, we set ~ = 1. The integration was performed in a
referenceframe wherer; = 0. In a generalreferenceframe, one has
z
g(ri rr=vg(riry); rzVv : (1.53)
VJ

Consequetly, for the integral of the tensor Green's function Gr one has

Z M 1 1z
Gr(ri r9a®°=v I+ Fr'\rr'\r g(ri r9d®%=vGr(ri r));
Vj \%

r 2V (1.54)

Repeating analogousintegration over the variable r 2 V;, we obtain
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A Z

B dB*r%Gr(ri rY = v3Gr(rii 1)) : (1.55)

Vi Vj

The above result seemsto be obvious for two spheresthat are separated
by a distance much larger than their radii, but much lessso for two touching
spheres.Howevwer, it is exact in the limit kR, ! 0. The physical interpreta-
tion of Eq.(1.55) is that in this particular order of the perturbation expansion
ead spherecan be adequatelyrepreseried by a point dipole momert located
in its certer. In other words, the integral equations can be replacedby a set
of discrete equations with respect to the dipole momerts of the monomers,
which constitutes the essencef the dipole approximation. It might seemthat
the dipole approximation must work simply becausekR, is small. However,
this is known to be not the casefor interacting spheresin close vicinity of
ead other (we will return to this in the next subsection). In fact, the dipole
approximation breaksdown in the next order of the perturbation expansion.

Returning to calculation of By, we nd

X )
B = .V = e ikay ES ¢GR(rij )Eo D T O I (1.56)
NIEoJ® ¢

Now we proceedwith statistical averaging of (1.56). This averaging can be
introduced in two di®erert ways. First, if a soot cluster is large enough, the
probability distribution for the absolute valuesr;; must be given by the pair
correlation function p(r; ) that was discussedin Sec.1.2, while all the spatial
orientations of r; are equiprobable (clusters are spherically symmetrical on
average). This can be called self-areraging. The other approac is ensenble
averaging over a distribution of di®eren realizations of random clusters. The
orientational averaging can be easily carried out in a spherical system of co-
ordinates where the direction of vector k coincideswith the z-axis and the
direction of Eq (assuminglinear polarization) with the x-axis. Then, using
the tensor structure of Gg (1.9-1.11), we obtain

3 Tk £ 2 °®
B1=K3(N j 1) e *ri S A(kr; )+ B(krj)sinfpucos A ;  (1.57)

where we have taken into accoun that the total number of terms in the sum
(1.56) is N(N j 1) and h::i stands for statistical averaging. Orientational
averagingis easily achieved by integrating (1.57) over sinpdpdA<(4%). The ra-
dial averagingis donewith the useof the correlation function p(r) (1.1) which
is, by de nition, the probability density to nd a distinct pair of monomers
in a cluster separatedby the distancer. Using the functional form (1.1) for
p(r), we arrive at
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z
1 1

By = %a(kl)3i P xPiI (x=kRg)F (x)dx ; (1.58)
0

where a ¥ 4 is the numerical constart, f (x) is the cuto® function discussed
in Sec. 1.2, we have usedv = (¥#6)I3, and F(x) is the result of angular
integration of (1.57):

. M .
SinX COSsX SinX
F(x) = TA(X) i 2 i 3 B(x) ; (1.59)

and A(x), B(x) are de ned by (1.10),(1.11). The power seriesexpansion of
F(x) nearx = 0is F(x) = (11=15)xi 1 + 2i=3j (46=105)x | (2i=9)x?+ O[x3].
Therefore, the radial integral in (1.58) corvergesat the lower limit for D > 1,
i.e., for any physically reasonablefractal dimension. As was discussedin
Sec.1.2, this fact justi es the extension of the region of applicability of the
scaling formula (1.1) to r = 0.

Convergenceat r = 1 is guaranteed by the cuto®function f (x). However,
for D < 2, (1.58) convergesat the upper limit of integration even if we set
f (x=kRg) = 1. Therefore, for large clusterswith kRq A 1, the integral (1.58)
convergeswhile the cuto® function f is still closeto unity. This meansthat
for suzciently large clusters with D < 2 (which is usually the case), the
particular form of the cuto® function is not important, and we can calculate
the integral (1.58) analytically [20]. The nal result of integration is

1 ’ 11 >
Br= k)P exp AP D by (160)
24 2
1<D<2; kRgA 1
K (D) = i(D) 4CDi 18 L hLq . (w6

(Dj 1)2i D)3i D) (4i D)6i D)

where j( X) is the gamma-function.

Note that the function K (D) in (1.61) divergesas D approaces2. This
result indicates that the perturbation expansion for large clusters becomes
lessaccurateasD approaces?2. However, there is no real divergenceeven for
D > 2 becauseof the cuto® function f (x=kRg4) which wassetto unity for the
derivation of (1.60). Therefore, the result (1.60) should be usedwith caution.
In particular, progressiwely larger valuesof kRy are required for corvergence
of the integral when D approadies2. In general,when kR is not suxciently
large, or D > 2, the value of B; dependson the exact form of f (x) and on
the gyration radius of the cluster, Rq. The dependenceof the integral of the
type (1.58) on D for the simple exponertial cuto® was consideredby Berry
and Percival [20] and by Shalaev,Botet and Jullien [37].

The result (1.60) was obtained in the \in termediate" wavelength limit
Rm ¢ . ¢ Rg. It is also possibleto calculate B; in the long-wavelength
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limit Rm ¢ Rg ¢ , (the quasistatic approximation). This can be easily done
by observingthat, whenkRq4 A 1, the integral (1.58) corvergesfor small val-
uesof x. Therefore, we can keeponly the “rst two terms in the power series
expansionof F(x) near x = 0 (which is necessaryto calculate both the real
and imaginary parts of B1): F(x) ¥ (11=15)x * + 2i=3. Substituting this
expressioninto (1.58), and using (1.2), we obtain

Z, Z,

B: = atP k3vi xPi2f (x)dx + 53' xPi i (x)dx : (1.62)
0

11
15%Rg o
In the above expression,a; b are the numerical coe+cients (seeformulas (1.1)
and (1.2) for the de nitions). As wasmertioned in Sec.1.2, the dimensionless
combination alP is approximately equalto 1:6 for cluster-cluster aggregates.
The integrals on the r.h.s. of (1.62) are simple numbers, and can be evaluated
numerically given a speci ¢ form of the cuto® function f (x). If f (x) is given
by the generalizedexponertial formula with constarts describedin the caption
of Fig. 1.2, the integrals are approximately equalto 1:6 and 1:2, respectively.
As can be seenfrom (1.62), the coexcient B; becomespurely real in the limit
1.

As was mentioned above, the calculation of higher coexcients By can not
be performedin the \dip ole approximation". In practice, this meansthat the
chain integrals of the kind

4 y4 Z

d3ry diry:c: BroGr(rii r2)Gr(rai ra3):::Gr(rn;1i rn)
Vi, Vi, Vi,

can not be represened as

V'Gr(riy i Ti,)Gr(riy i Tig):iiGr(riy, 1 i Tiy)

Generally, this simple integration rule can be only applied to the \end of
chain" integration variables (r; and r, in the above example). In the caseof
the double scattering coexcient B, both integration variablesare, e®ectiely,
\end of chain", and the dipole approximation works. The integration variable
r, in the above exampleis \middle of the chain", in other words, it appears
in two Green's functions instead of one. Therefore, the integration over r,
can not be so easily performed.

1.4.3 Non-p erturbativ e metho ds

As we saw in the previous section, the dipole approximation is accurate up
to the secondorder of the Born expansion. This indicates that when the
interaction is weak, both the perturbation expansionand dipole approxima-
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tion becomeaccurate. Of course, it is also possibleto formulate the dipole
approximation non-perturbativ ely, which is done below.

In the dipole approximation, ead monomerin a cluster is consideredto be
a point dipole with polarizability ®, located at the point r; (at the certer of
the regpective spherical monomer). The dipole momert of the ith monomer,
di = v P(r)d®r, is proportional to the external electric "eld at the point
ri, which is a superposition of the incident "eld and all the secondary elds
scattered by other dipoles. Therefore, the dipole momerts of the monomers
are coupledto the incident "eld and to eac other asdescribed by the coupled
dipole equation (CDE):

2 3

X
di = ®4Einc (i) + Gr(rii r)d;5 ; (1.63)
j6i
which is simply a discrete version of the integral equation (1.5). It was in-
troduced in the context of the discrete dipole approximation by Purcell and
Pennypacker [38], and for fractal clustersby Markel, Muratov, Stockman and
George.[30, 31] * The CDE is a system of 3N linear equations that can be
solved to 'nd the dipole momerts d;. All the optical crosssectionscan be
found in complete analogy with (1.14)-(1.20):

X £ o
f(k9 = k? di i (di ¢kYk%=Kk? exp(j ik°¢r;) ; (1.64)
i=1
ak X . _
37@ = JE7|m - di ¢EiI"IC (I’,) , (165)
vy, X
= 0T g (L66)
IEoj* .,
V|
; 1 2k
Ya  ilm ® i 3 =+=v, 0: (1.67)

The last formula needsan explanation. The de nition of the absorption pa-
rameter y, in (1.66) follows from rigorous integration of the scattering ampli-
tude (1.64) [34]. It must be non-negatively de ned for any physically reason-
able polarizability ® [41]. Howewer, if we usethe usual relation betweenthe
polarizability ® and susceptibility A, ® = vA, this condition (as well as the
secondequality in (1.67) can be violated for purely real values of 2 when A
is alsoreal. As was showvn by Draine [39)], the above relation between® and

4The discrete dip ole approximation, although leading to similar equations, is used to solve
a problem essertially di®erent from the one described in this chapter. For more references,
see[39, 40].
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A should be modi'ed to take into accourt radiativ e reaction. The corrected
formula is 1=®= 1=vA | i2k3=3, which, taking into account + = j Im[1=4],
immediately leadsto the secondequality in (1.67). For strongly absorbing
carbon, the radiativ e corrections are negligibly small.

The advantage of the dipole approximation is simplicity: an integral equa-
tion is replaced by a nite system of linear equations. However, we al-
ready saw that the dipole approximation is not accurate in the third (and
all the higher) orders of the perturbation expansion. In fact, the general
non-aplicability of the dipole approximation wasrecognizedand veri ed both
theoretically [42, 43] and experimentally [44]. A simple physical explanation of
why the dipole approximation fails was provided, for example, by Sansonetti
and Furdyna [44]. First, in the dipole approximation, the local "eld acting
on a certain dipole is evaluated at the certer of the corresppnding monomer.
However, the "eld produced by neighboring monomersis highly non-uniform
over the volume of the rst monomer, and can not be replaced by a single
value. And second,the dipole approximation neglectshigher multip ole mo-
ments of the monomers,which is a good approximation for those monomers
which are far away from ead other, but not for nearest neighbors. E®ec-
tively, by replacing two touching spheresby two point dipoleslocated at their
certers, we underestimate the strength of their interaction.

To overcomethe limitations of the dipole approximation, a rigorous numer-
ical approach has beendeweloped by Gerardy and Ausloos [42] (in the long-
wavelength limit), Claro and co-authors [43, 45, 46, 47, 48], Mackowski [49,
50], Fuller [51, 52] and Xu [53]. The essencedf this method is to expand the
EM "eld inside eath sphereand the "eld scattered by ead spherein vector
spherical harmonics, and to match the boundary condition on all surfacesof
discortinuity. Generally, this method leadsto an in nite-dimensional system
of linear equations with respect to the expansion coe+cients. In order to
solve this system, one needsto truncate it by assumingthat all the expansion
coexcients for spherical harmonics of the order larger than L are zero. Then
the total number of equation scales(for large valuesof L) asN L?2.

Although a detailed description of the above methods is beyond the scope
of this chapter, in the next subsection, we will illustrate with a numerical
example an important trend: when the interaction of monomersin a cluster
becomesstronger and the perturbation expansion,correspondingly, lessaccu-
rate (or even diverges),the maximum number L required for attaining accu-
rate results tends to increase. This makesthe \coupled multip oles" method
computationally applicable only for situations with either a small number of
monomersor weak interaction.

To overcome the inadequacy of the dipole approximation and the over-
whelming computational load of the \coupled multip ole” method, we have
suggesteda phenomenologicalprocedurethat canbe referredto asthe cluster
renormalization approach [54, 55]. This approac allows one to stay in the
frame of the dipole approximation, which is described in detail below. The



XXiV SOME THEORETICAL AND NUMERICAL  APPR OACHES...

following two factors are important for understanding the renormalization
approad.

First, we note that most calculations employ computer-generatedsamples.
The geometry of these samplesdoes not coincide with that of experimental
soot exactly (which is, obviously, impossible), but rather reproducescertain
statistical geometrical properties of real soot. Among suc properties are den-
sity correlation functions, total volume of the material and averageradius of
gyration, Ry. However, such characteristics as the number of monomersin a
cluster, N, and monomer radius, R, might be consideredas not essential
It is known, for example, that the real carbon monomersare not actually
spherical, and nearestneighbors touch ead other not just at one geometrical
point, sothat the model of touching spheresis only an idealization. Second,
as was mertioned above, the dipole approximation in its pure form under-
estimates the interaction strength. In particular, it predicts the shift of the
resonancefrequency in small clusters of spheresto be signi cantly lessthan
is experimentally measured[44]. In order to correct the interaction strength
of the dipole approximation, it is tempting to move the monomerscloserto
ead other (of course,this relatesto computer-generatedsamples)by allowing
them to intersect geometrically. However, doing this will evidertly reducethe
overall systemsize (Ry) which is an essetial parameter of the problem. The
other possibleway to introduce the intersectionsis to increasethe radii of
the spheres(Rn) while keeping distance between nearest neighbors (1) un-
changed. This will however, lead to an increaseof the total volume of the
material. Luckily, for fractal clusters, it is possibleto introduce a simultane-
ous renormalization of the sphereradii (R, ), the total number of monomers
(N) and the distance between nearest neighbors (I) in such a way that the
overall volume (vit) and the gyration radius (Ry) are unchanged, and to
introduce an arbitrary geometrical intersection of neighboring spheres. The
transformation is

U To=@3i D)
»
R% = R > : (1.68)
3 2'” 3D=@3i D)
N°= N N ; (1.69)
1°= »RY, ; (2.70)

where » is a phenomenologicalintersection parameter (1 < » < 2, » = 2 for
touching spheresand » < 2 for geometrically intersecting spheres).

Thus, the main idea of the renormalization approac is to model a real
cluster with experimental valuesof R, and N (and | = 2R,) by a computer-
generated\renormalized" cluster with corresponding parametersRY,, N % and
with the geometrical intersection of neighboring spheres: 1°= »R% < 2R, .
The intersection parameter » is phenomenologicaland must be adjusted. The
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initial value for » can be obtained from the following simple considerations,
which can be also usedto justify the physical plausibility of the renormaliza-
tion method.

It canbe shawn [56] that alinear chain of intersecting sphqf,eshasthe same
depolarization coetcients as an in'nite cylinder for » = [4 ,_; ki 3] ¥,
1:688. It isimportant to note that two independert depolarization coe+cients
can simultaneously be \tuned" to correct values by adjusting only one free
parameter ». As is well known, the depolarization coexcients in ellipsoids (an
innite cylinder being a particular case)determine the spectral positions of
the resonances.Thus, the renormalization proceduregivesthe correct spectral
locations of the optical resonancedor a one-dimensionalchain. The lineshape
of eadh resonancecan be still described incorrectly. Howevwer, in the situa-
tion of a large fractal cluster, typical absorption and extinction spectra are
superpositions of many collective resonancesand the lineshapesof individual
resonanceare of little importance.

Another approadc to estimating the parameter » is by analogy with the
discrete dipole approximation (see[38, 39, 40Q]) in which bulk non-spherical
particles are modeled by arrays of point dipoleslocated on a cubic lattice. In
the “rst approximation, the polarizability of the dipolesis taken to be equal
to that of an equivalent spherewith the radius Ry, sud that its volume is
equalto the volume of the lattice cell, i.e., (4¥=3)R2, = I13. From this equality
we nd »= I=Ry, = (4¥=3)"3 ¥, 1.612.

Given a computer-generatedrenormalized cluster, we can build the CDE
(1.63) and solve it numerically to obtain all desirable optical constarts. The
CDE (1.63) canbewritten in the operator form [30, 31], analogouslyto (1.24),
exceptthat the Hilbert spacenow hasa nite dimensionality 3N. We denote
by jdi the 3N -dimensional vector of dipole momerts, and write

jdi = ®(jEinc i + Wpnjdi) (1.71)

The operator Wy, in (1.71) is a square 3N £ 3N matrix rather than an
integral operator W in (1.24), which is being emphasizedhere by using the
subscript \m". In a basis of vectors ji®i, suc that die = h®jdi (the Greek
indices denotethe Cartesian componerts of the vectors), the matrix elemerts
of W, are h®|Wp, jj Ti= k?’[A(kI’ij )te~ + B(krij )rij e~ =I'i12 ]

The eigervector expansionof the solution to (1.71) wasproposedin [30, 31]
for the quasistatic case(Rg ¢ , ) andin [34] in the generalcase,and is similar
to (1.30):

X jnihn%jEjnc i

= HeiniE=e; wi

(1.72)

wherejni are now thqoelgen/ectors of Wp,.

Using (1.65) with  ,; d; ¢Ej. (ri) = MEinc jdi, we can write for the ex-
tinction crosssection:
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Y = 41/‘k| X' PEinc jnihn®jEinc i

CTER T, Meni=e; w,l G

Now we recall that 1=®= 1=vAj i2k3=3 and 1=A = | (X + iz), where the
spectral dependenceof X and + are illustrated in Fig. 1.4b, and write
avkv X hEinc jnihn®jEinc i

Yo= | ] : 1.74
¢TI ERET  meni[X + i(E+ 2Kk3V=3) + vwy] (1.74)

Equation (1.74) illustrates the importance of the parametersX and +. The
interaction of the monomersis weak and can be neglectedwhen the \normal-
ized" dimensionlesseigervaluesvw, are small comparedto X + i(x+ 2k3v=3).
By neglecting the eigervaluesin the denominator of (1.74), we immediately
recover the "rst Born approximation. There are two distinct caseswhen suc
an approximation is valid. The rst caseis a non-resonar interaction, when
jXj A vRew,. But ewenif X + Rew, can turn exactly to zero (resonart
interaction), the absorption parameter + can be still sutciently large to make
the “rst Born approximation accurate.

Further, we can introduce the \w eighted”" density of states j( w®w® ac-
cording to

FEinc jNihN®jE e i

X
i(wowo = +Hw% Rew,)xw%; Imw,)  (1.75)

n=jni
n
and rewrite (1.74) as
z
1 . 0. 15,0 00
Y = 4/kvI i( W wO9dwidw! (1.76)

RN X + i(x+ 2k3v=3) + v(WOo+ w0 °
This formula is a conveniert starting point for a family of analytical ap-
proximations. The familiar mean-"eld approximation can be obtained by
assumingthat the eigervalues of Wy, all lie in a small bound region in the
complex plane, while the complex variable X + i(x+ 2k3v=3) is far from
this region. Then the density of states can be approximated as j( w%w%} =
NJEoj?+#(w®; ReQ1)xw%; ImQ;), and the integration in (1.76) results in
a formula similar to (1.45) without the self-energyterm. The requiremert
for applicability of the mean-eld approximation is, obviously, di®erert than
that for the “rst Born approximation. Namely, the eigervaluesdo not need
to be small, but rather quasi-degenerate. Higher-order approximations can
be built by making the form of j( w%w® more complicated. As the Trst
step, i( W% w° can be assumedto be constart in a certain bound rectangular
area in the complex plane and zero outside, with the dispersion (rst mo-
ments) determined from numerical diagonalization of a typical matrix Wp,.
This functional form still allows oneto integrate (1.76) analytically. At higher
levels of approximation, other momerts of j( w%w® can be also speci ed.
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It must be noted that for highly absorbingcarbon material, the parameter +
canbe much larger than the imaginary parts of the eigervaluesvimw, (aswell
asthe factor 2k3v=3). In this caseit is su+cient to considera one-dimensional
function j( w9. This is a good approximation in the quasi-staticlimit , A Ry,
when the imaginary parts of eigervaluesare proportional to the small factor
2k3=3[34] and can be neglected. The complexeigervaluesof W, arediscussed
in much more detail in the chapter by Rusek and Orlowski, for the caseof
non-fractal, random and spherically symmetrical distribution of dipoleswith
the averageinter-particle distance » ,. The results of Rusek and Orlowski
are indicativ e of the fact that the imaginary parts of the eigervaluesin this
caseare still of the order of 2k3=3, and can be neglectedfor strongly absorbing
soot. Howewer, a calculation of the imaginary parts of the eigervaluesfor a
self-supporting fractal cluster, which is not small comparedto , hasnot been
performed to the best of our knowledge.

An important remark should be made regarding the in°uence of the renor-
malization procedure (1.68)-(1.70) on expressionsof the form (1.74),(1.76).
The parameters X and = do not depend on the geometry of the problem,
and therefore, are not a®ectedby the renormalization. Howewer, the nor-
malized eigervalues vw, are changed as the result of renormalization. In
particular, it is easyto seefrom (1.68)-(1.70) that the renormalized volume
is V0 = v(»=2)3P=C@i P) In general, the eigervalues of the interaction ma-
trix Wp, do not scale with the parameter I, and it is impossible to write
a similar relation betweenw, and w®. Howewer, this becomespossible in
the quasistatic limit , A Ry, when the intermediate- and far-zone terms
in (1.10),(1.11) can be neglectedand the exponertial factor exp(ix) can be
set to unity. Then, from the form of the interaction matrix, it follows that
wl = wy (1=193 = w, (2=»)°7Ci D) Combining thesetwo expressions,we ob-
tain in the quasistatic limit: v&W? = vw,(2=»3. We recall that » is the
intersection parameter,and 1 < » - 2. Thus, the intersection proceduree®ec-
tively increasesthe normalized eigervaluesand, consequetly, the interaction
strength. The sametendency holds beyond the quasistatic limit, although the
ratio vwS=wv, becomesdi®eren for di®erert n in this case.

Due to the volume limitations, we have skipped the important question
of orientational averaging in the dipole approximation. This averaging is
trivial in the quasistatic case,and can be performed by averaging results for
three orthogonal polarizations of the incident wave. Howewer, the averaging
becomesmuch more complicated in the caseof nite k; see[57] for a further
reference.

1.4.4 Numerical examples

In this subsectionwe illustrate the methods described above with a few nu-
merical examples. We start with the perturbation expansionfor the extinction
crosssection.
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2L First Born approximation -

Qe Mean- eld, intermediate wavelength —----
Mean- eld, long-wavelength ------

Fig. 1.5 Perturbativ e calculations of the extinction exciency Qe for a cluster with
N = 2,500 1= 2Ry = 0:022 m, and Ry ¥4 33 = 0:66' m.

In Fig. 1.5we plot the results of perturbativ e calculations of the extinction
exciency Q. de ned as

Ye

= : 1.77
Q= f (1.77)
The extinction exciency is calculated for an ensenble of clusterswith N =
2,500, = 2Ry = 0:022m, and Rq ¥ 33 = 0:66'm. In this "gure, we

comparethe rst Born approximation for Q. obtained from (1.32) by retaining

only the k = 0 term in the summation, comparedto the rst-order mean- eld
approximation (1.45) obtained by setting 8 = 0in (1.45). We usedthe optical

constarts for carbon described in Sec.1.3. The constart Q; = B, that is used
in the mean- eld approximation was calculated from the analytical formulas
for the \in termediate" wavelength regime (R ¢ , ¢ Rg) (1.60),(1.61) and
for the long-wavelength regime (Rm ¢ Rg ¢ ) (1.62). The corresponding
curves are plotted in the spectral regions where these regimesare valid. In

the intermediate region , = Ry, both analytical expressionsfor B; become
inaccurate and numerical integration accordingto (1.58) should be performed.
However, it is plausible to assumefrom the "gure that the two curves will

smoothly connectto ead other near, = Rgy. Note that in the limit kR ¢ 1,
the "rst Born approximation givesalsothe \non-in teracting” value of Qe, i.e.,
calculated for isolated spherical monomers.

While the mean- eld approximation gives signi cantly di®erert results
from the “rst Born approximation for , ¢ 1! m, the di®erencebecomessmall
for larger wavelengths. This might seemto be an indication of fast cornver-
genceof the perturbation seriesfor large , %. However, it is not the case.
In fact, the coetcient B; becomessmall in the long-wavelength limit (see
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Fig. 1.6 Perturbativ e and non-perturbativ e calculations of the extinction exciency
Qe for a cluster with N = 100 | = 2Ry, = 0:02* m and Ry ¥4 10:61 = 0:2t m.

Eq.(1.3)) due to the special symmetry of the dipole-dipole interaction. How-
ever, aswe saw above, the dipole approximation is not accuratein the higher
orders of the expansion,and the higher coetcients By can be not small.

The de ciency of the mean-"eld approximation in the long-wavelength limit
is most easily demonstratedwith quasistatic calculations, in the limit | A Rg.
In Fig. 1.6 we compare the results of the "rst Born and the mean-eld ap-
proximations (with the long-wavelength version of B; calculated accordingto
(1.62)) to the numerical non-perturbativ e solution basedon the expansionof
all scattered elds into spherical harmonics and consideringboundary condi-
tions at ead sphericalsurface(the Fortran codesare courtesyof D. Mackowski
- for more details seealso Ref. [49]). The calculations are done for a small
cluster with the following parameters: N = 100,1 = 2R,, = 0:02 m and
Ry % 10:6l = 0:2t m, sothat the condition , A Ry is fulTled everywherein
the spectral region shown in Fig. 1.6

As can be seenfrom the gure, the perturbation expansiongivesa decert
agreemen with the non-perturbativ e results for , - 1! m. Howewer, at , =
1' m, the non-perturbativ e solution is approximately two times larger. In
general, the non-perturbativ e solution decreasesnuch more slowly with | .
It should be kept in mind that the spectral dependenceof the extinction
crosssection ¥% di®ersfrom that for the extinction exciency Q. by the factor
k/ 1=,.

As the discrepancy between the perturbative and non-perturbativ e solu-
tions increasesin the long-wavelength spectral range, the number of spherical
harmonics required for obtaining an accurate non-perturbativ e solution also
grows. This tendency is illustrated in Fig. 1.7, where we plot the extinction
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Fig. 1.7 Extinction exciency Qe asa function of the maximum order L of the spher-
ical harmonicsinvolved in the non-perturbativ e calculation basedon the expansionof
all scattered elds into spherical harmonics and considering boundary conditions at
ead sphericalsurface(Fortran codescourtesy of D. Mackowski). The calculationswere
performed in the quasistatic limit for a cluster with N = 100, | = 2R, = 0:02 m
and Ry ¥ 10:61 = 0:2' m and for di®erert valuesof , , from 1'* m to 10* m.

exciency as a function of the maximum order of the spherical harmonics, L.

We seethat near , = 10t m, accurate results are obtained for L » 10. This

value grows for larger lambda, as the optical properties of carbon become
more metallic. Howewer, even a calculation with only N = 100and L = 10
requiresabout 600Mb of memory in the quasistatic caseand twice as much for
“nite k's. Sincethe memory requiremert grows as» NZ2L#, calculations with

signi cantly larger L's or N's seemto be problematic. This is especially true

for clusters of metallic particles. Our estimatesshow that for silver colloidal

clustersin the visible and near-infrared spectral ranges,the required L is on
the order of 100 (data not shawn).

As an alternativ e method, we considerthe dipole approximation coupledto
the geometrical renormalization of clusters described in Sec.1.4.3. In Fig. 1.8
we plot the results of calculations of Q. in the dipole approximation for di®er-
ernt valuesof the intersection parameter » comparedto the calculations based
on the multip ole expansion(referred to as\exact" in the "gure caption) and to
the “rst Born approximation. Sincethe latter can be obtained by considering
isolated monomers, it is alsoreferred to asthe \non-interacting” approxima-
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Fig. 1.8 Extinction eztciency Qe asa function of , in the quasistatic limit. Solid
curve - ‘st Born approximation (non-interacting limit). The » = 2 curveis the dipole
approximation without geometrical renormalization of clusters. The certered symbols
are the \exact" solution basedon the multip ole expansion.

tion. The case» = 2 correspondsto the usual dipole approximation without
renormalization.

Even without renormalization, the dipole approximation gives more ac-
curate results than the “rst Born (non-interacting) approximation. But the
introduction of geometrical intersections allows one to achieve much better
accuracy A good t is obtained for » = 1:75. Note that, due to computa-
tional limitations, theseresults were obtained for single random realizations
of computer-generated (renormalized) fractal clusters. However, the renor-
malization approad is statistical in nature, and we believe that ensenble
averaging will increaseof the quality of the 't for a properly adjusted inter-
section parameter ». Nevertheless,the maximum deviation of the » = 1.75
curve from the \exact" result is only 2%.

Now we turn our attention to the \w eighted" density of states, j( w%w%
de ned by (1.75), and the analytical approximations that can be derived from
simplication of the form of j( w%w%. We restrict our consideration to the
guasistatic limit, when the imaginary parts of all eigervaluesare small, and
it is suxcient to considera one-dimensionalfunction j( w%. The quasistatic
analog of (1.76) is
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z
- 4Ykv m i(wOhaw®
JEoj? X +ix+ vw0’

(1.78)

where we have also neglectedthe small term 2k3v=3. This can be rewritten
for the exciency Q. as

4y z i(wOdw®
NjEoj2 (X + vw92+ 2 °

A typical quasistatic density of states, calculated for an ensenfle of clusters
pith N = 1;000, is illustrated in Fig. 1.9. It is normalized by the condition

i(w9dwP = NjEgj%. The step-like function shown in Fig. 1.9 hasthe same
normalization, rst and secondmomerts asthe numerical j( wY).

By comparing Figs. 1.4 and 1.9, we can conclude that the complex vari-
able j 1=A= X + i+ always lies far in the complex plane from the region on
the real axis occupied by the normalized eigervalues vw, (the region where
i( w9 is not zero). This, in turn, leadsto the ideathat the ne structure of
i(wY is not important. As we have mertioned in the previous subsection,
replacing j( w9 by a delta-function with the samenormalization and rst mo-
mert results in the mean-"eld approximation. However, it can be seenfrom
Fig. 1.9 that the “rst momert of j( wY is equalto zero. This, indeed, follows
from the expression(1.62) for B; = Q; in the limit k! 0, and is a conse-
guenceof the spherical symmetry of the clusters and the tensor properties of
the dipole-dipole interaction. Therefore, the mean-"eld approximation in the
quasi-static limit is, essetially, equivalert to the “rst Born (non-interacting)
approximation. This fact is alsoillustrated in Fig. 1.6.

To gobeyond the mean-"eld approximation, we replacej( w9 by a step-like
function which presenesthe secondmomert of j( w9 in addition to the “rst
momert and normalization, as shown in Fig. 1.9 (seethe "gure caption for
numerical values of the constarts). Using the step-like function in (1.79), we
obtain

Qe =

(1.79)

z
Y WO dw?®
= — e 1.80
Qe Wo | w, (X + Vw02 + 2 (1.80)
The integral can be easily evaluated, and results in
- M 1 H 1.
2Y. X + Xj

Qe = 7 arctan 2 YWo j arctan 21 YWo : (2.81)

VW + s

For clusters of touching spheres(without geometrical renormalization), vwg
is a constart. From our calculations for computer-generatedcluster-cluster
aggregates,vwg Y4 2:29. Now we recall that the renormalization results in
vawd = (2=»)3vwy. Therefore, for a renormalized cluster, the extinction ex-
ciency can be approximately written as
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Fig. 1.9 \Weighted" density of states j( WO) in the quasistatic limit, and its ap-
proximation by a step function with the equivalent normalization, rst and secondmo-
ments. The numerical diagonalization is performed for an ensenble of 10 clusterswith
N = 1;000 The valuesof the constarts are vwg = 2:29and j g = NjJEoj2=2wp.

7 My + 22002937 My i 2200931
Qe = 22007 arctan s arctan — :
(1.82)

The results of calculations accordingto formula (1.82) are showvn in Fig 1.10.
First, in Fig 1.10awe compare the analytical expression(1.82) with the re-
sults of numerical calculations in the dipole approximation without the geo-
metrical renormalization (» = 2). The analytical and numerical data 't very
accurately. In Fig 1.10b, we plot Q. given by (1.82) for two di®eren values
of » < 2 comparedto the \exact" result (the one shown in Fig. 1.6 by cir-
cles). We seethat the most close't is achieved for » » 1:73. The curve with
» = 1.7 givesa lessaccurate approximation of Qe, but better reproducesthe
, -dependencein the long-wavelength region (up to a multiplicativ e constart).
When comparing the results of the dipole approximation and the analytical
formula (1.82) with the exact calculations which are shown in Fig. 1.10b by
circles, it should be kept in mind that the latter were obtained by trunca-
tion of the maximum order of spherical harmonics, L. As can be seenin
Fig. 1.7, the calculated value of Q. still continuesto grow for L » 10 and
, > 2'm. Our calculations were truncated at L = 9 due to computational
limitations. But it can be stated with a reasonableamourt of con dencethat
the \true" results for Q. are somewhatlarger than those shawn, for example,
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Fig. 1.10 (a) Analytical expression(1.82) comparedto numerical calculations in
the dipole approximation without cluster renormalization (» = 2). (b) Analytical
expression(1.82) for two di®eren valuesof » < 2 comparedto the exact result.

in Fig. 1.10b. This follows from the monotonic growth of Q. asa function of
L illustrated in Fig. 1.7. Therefore, the curve with » = 1.7 might be actually
more accurate than the one with » = 1:73.

In conclusionof this section, we note that the value vwg (or the secondmo-
mert of j( w%) can depend on the fractal dimension of the clusters. The "ne
features of j( w9 can also depend on lessessetial properties of the clusters,
such as the type of lattice usedin numerical calculations. For non-resonar
carbon, these ne details of the density of states are largely insigni cant.
Howevwer, they becomeimportant in the resonancesituation, when the de-
nominator in the formulas (1.76),(1.78) can become purely imaginary and
small. The resonanceelectromagneticinteraction in fractal clustersis consid-
ered theoretically by Stockman, and from the experimental point of view by
Safonor, Danilova, Drachev and Perminov in other chapters of this volume.
Danilova has discussedthe phenomenologicalintersection parameter » for the
caseof the resonanceinteraction and compared analytical and experimental
results in [58].

1.5 FLUCTUA TIONS OF LIGHT SCATTERED BY RANDOM
SMOKE CLUSTERS

The well-known result (e.g., [14]) for the di®ererial scattering crosssection
of fractal clustersin the rst Born approximation is
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3

%/ qP; if gA 1=Ry; (1.83)
whereq = k j kCis the transmitted wave vector. This result is obtained by
statistical averaging using the density-density correlation function (1.1), and
is statistical in nature. The intensity of light scattered from a single random
cluster can be di®erert from (1.83). The statistical averagingimplied in the
derivation of (1.83) can be understood in two di®erert ways. The rst is en-
senble averaging, over an ensenble of random realizations of clusters. One
can also hope that if a single cluster is large enough, it's di®ererial scatter-
ing crosssection approactesthe e@;e_nble averagevalue, and the deviations
decreasewith the cluster sizeas1= N (self-averaging).

In this sectionwe shaw that the self-averaging can occur for random non-
fractal clusters, but not for fractal aggregateswith long-range correlations.
In fact, we will shanv numerically that the relative dispersion of the scattered
intensity in an ensenble of fractal cluster-cluster aggregatess always closeto
unity. A more detailed accourt is published in [23].

1.5.1 General relations

The di®ererial scattering cross section can be calculated using the general
de nition (1.15) and the expressionfor the scattering amplitude f (k9 either
in the integral form (1.14) or the discretized version (1.64). In the "rst Born
approximation that will be usedthroughout this section, both formulas for f
leadto the sameresult. For simplicity, we start from the discretizedexpression
(1.64), and, substituting d; = ®Ej. (ri) = ®Eqexp(ik ¢r;), obtain

(Eo ¢kOKkO X

f(k%Y = k?® Egj 2

exp(iq ¢r;) ; (1.84)
i=1
where g = k j k% The di®ererial scattering cross section can be easily
obtained from the above expression
= =
d?/g A: 2 2 - 20X j(\l . _
3 = KUIG"jBoj” sin’[A(Eo; kN =  exp(iq ori)= (1.85)
i=1
where A(Eo; k% denotesthe angle betweenEq and k°. The prefactor k*j®j® £
jE0j2 sin’[A(Eo; k9] doesnot depend on a random realization of the setfr;g
and, therefore, is the samefor all clusters. In the caseof scattering of a depo-

larized wave, we must replacesin’[A(Eo; k9] by hsin? Ai =-1=2, and the above
=
factor becomessimply a constart. In contrast, the factor — iNzl exp(iq ¢ri)~

in (1.85) is random and can vary from cluster to cluster.
When considering °uctuations of scattered light by di®erent random clus-
ters, we do not needto keepa factor which is commonto all of them. There-

XXXV
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fore, it is conveniert to de ne the intensity of light scattered by someindivid-
ual cluster as

, E .
LA =1(q) = exp(iq ¢ri)  ; (1.86)
i=1
where [ is the angle betweenthe direction of the incident wave vector k and
the direction of scattering, and A is the azimuthal angle. The absolute value
of g dependson the scattering angle p as

q= kp 2(1i cosy) : (1.87)

The intensity (1.86) coincideswith the \real" intensity of the scatteredlight
up to someconstart in the caseof a depolarized incident wave, and up to the
A-dependert factor, sin’[A(Eq;k9)], for a polarized wave. The denition of
scatteredintensity (1.86) is suitable for the calculation of relative °uctuations,
i.e., for the dispersion of scattered intensity divided by the averagescattered
intensity. If we want to calculate absolute®uctuations, we need, of course,to
keepall the prefactors. In this section we will focus on relative °uctuations.
The absolute value of °uctuations can always be reconstructed, provided the
averagescattered intensity is known.

Let us consider the intensity of light scattered by some number of frac-
tal clusters randomly distributed in a certain volume. The distance between
clusters is supposedto be large comparedto the wavelength of the incident
radiation, , , and the distribution of clustersin spaceto be random and un-
correlated. Then we can add the intensities of light scattered by ead cluster,
rather than the amplitudes.

The averagescattered intensity H i is de ned as

. X )
Hi=Hh(gA)i= Mlllrln M Ik(5 A) ; (1.88)
k=1
wherel (i A) is the intensity scattered by the k-th cluster and M is the total
number of clusters which scatter the light. With the use of (1.86), we can
rewrite (1.88) as

MR
Hi= lm — expligq ¢(r™ i r*; (1.89)
M M k=1 ij =1 :

where Ny is the number of monomersin the k-th cluster, and ri(k) is the
coordinate of the i-th monomerin k-th cluster.

For an ensenble of spherically symmetrical (on average) clusters, the de-
pendenceof Hi on A is weak (it vanishesfor an innite ensenble); therefore,

we will usethe notation Hi = H (Wi = h (g)i, where g is de ned by (1.87).
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If we detect the scattered light from just one cluster, it can be much dif-
ferert from Hi. A corveniert measureof these variations is the standard
deviation (dispersion), % :

¥2=h2; Hi2: (1.90)

The value of % characterizespossibledeviations of | from hi calculated
for an in nite ensenble of clusters and has a simple mathematical meaning:
The probability that an individual | lies within the interval Hi § 3; is ap-
proximately 2=3.

In the caseof a nite M, onecanbeinterestedin a measureof °uctuations
of the averagevalue (1.88) itself (the \lim " signin this caseshould, of course,
be omitted in (1.88) and (1.89)). If we register the scattered light from dif-
ferent ensenbles of clusters consisting of some nite number of clusters M,
we will comeup with di®erert results. We can de ne the standard deviation
%M) of theserandom valuesin the usual way. The relation between%'v') and

% 3/#” is well-known from mathematical statistics:

M) = g (1.91)
M
The actual value of M dependson the scheme of the experiment. In one
possiblesetting, the scattering volume is small enough (e.g., due to focusing
a laserbeam) and contains only onecluster at a time. Becauseof the random
motion of clusters, it contains di®erert clustersin di®erert momerts of time.
In this case, one can register scattered radiation for some large period of
time (excluding the periods when the volume contains no clusters at all and
the signal is zero) and calculate the time-averagedintensity and its standard
deviation, which coincideswith % . If the volume contains an averageof M
clusters at a given time, the measuredstandard deviation would be %" .
As will be shovn numerically below, this value is universalfor cluster-cluster
aggregatesover a wide range of scattering angles. The relation (1.91) can be
usedto nd the average number of clusters in the scattering volume (and,
hence,the number density of clusters).

1.5.2 Mono disp erse clusters

First, we consider monodisperse ensenbles of clusters consisting of N mono-
mersead. The task of calculating % includes nding two averagevalues: H i
and h 2. Apart from calculating the dispersion (Eg. 1.90), h i is interesting
by itself and is experimertally measurable. It is well known that the pair
correlation function p(r) (1.1) can be usedto calculate Hi. Indeed, for a
monodisperseensenble, (1.89) can be simplied to

Hi=N+N(N ;i Lhexp(iq Cr)i ; (1.92)

XXXVii
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whererj = rij rj, andonly distinct monomersbelongingto the samecluster
are considered. Now we can usethe function p(r) to calculate hexp(iq ¢r; )i:

Z 1 i A
_ _ _ dr sinpdpdA
hexp(lq ¢rij )| = . p(r)exp(lq ¢|'ij )4754“(1 :

After performing the angular integration, (1.93) simpli es to

(1.93)

Z,

. . singr
rexp(iq ¢ry )i = p(r)
0

dr: (2.94)

In the caseof D < 2 and q A Rél, we can calculate the integral (1.94)
without specifying the form of the cuto® function for p(r), similarly to the
calculation of the coexcient B in Sec.1.4.2. Indeed, in this casethe cuto®
function can be setto unity, and the result is

ai(Di sinf4D i 1)=2]
N (a1)P '
In the other limiting case,q ¢ R} 1 sin(gr) in (1.94) can be expandedin a

power series,and the result of integration up to the lowest non-zero power of
qis

hexp(iq ¢r )i = (1.95)

hexp(iq ¢rj )i = 1i (qRg)?=3: (1.96)

As follows from (1.96) and (1.92), hH (u = 0)i = N2, which meansthat the
forward scattering is always coheren in the rst Born approximation.

From (1.95) and (1.92), it can be concluded that the minimum possi-
ble value of H'i is N, which can be reaced for large values of g. For the
badscattering, when the value of g is maximum, the expressionfor hi be-
comesh i ¥ N[1+ 5¢10 2(,=I)P], wherewe usedthe numerical valuesfor all
the coezcients (assumingD = 1:8). The characteristic value of , is, ¢ ¥4 5:4l,
sothat Hi approadesits lower bound for , ¢ , .. Howewer, the above in-
equality corntradicts the fundamertal assumption of this chapter that | is
much larger than monomer size Ry, (or lattice unit, 1). Therefore, in the
spectral region where the monomersare optically small, kR, ¢ 1, the st
term in (1.92) can be neglected.

The theoretical asymptotes(1.95) and (1.96), along with the results of nu-
merical calculations for H i for di®erert valuesof , , areillustrated in Fig. 1.11
(seethe "gure caption for details).

Whereash i is de ned by p(r), oneneedsa higher-order correlation function
for the calculation of H 2i. Indeed, the de nition of h ?i, analogousto (1.89),
contains a four-fold summation, which, after grouping together the terms with
di®erert indices matching ead other, turns to

h2%i = N@Nj 1)+ 4N(N | 1)°hexp(iq ¢ry )i +
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Fig. 1.11 Averageintensity of the scattered light as a function of the scattering
angle ufor , = 105 and , = 50:5|. Calculations were performed for a computer-
generatedmonodisperseensenble of 40 random cluster-cluster aggregatesconsisting of
N = 10; 000 monomersead, similar to the oneshawn in Fig. 1.1. Non-integer values
of .=l are chosento avoid lattice e®ects.The de nition of | is givenin Eq. (1.86).

+ N(Nj 1)(N2j 3N + 3)rexp(iq ¢rj )i ; (1.97)

whererj = rij i rw;i 6 j;k 6 | and any of the pair of indices (i; j) can
coincide with any of the pair (k;1). It is easyto show that hexp(iq ¢ri )i
is expressedthrough the four-point correlation function, p4(r), which was
introduced in Sec. 1.2 (see also Fig. 1.3), exactly in the same form as in
Eq. (1.94) with r; being replacedby rjj 1 and p by pa.

We now turn to the numerical results for °uctuations which are preserned
in Fig. 1.12. In this calculation, we allowed pu to changefrom 0 to 2% sothat
that the \observer" makesa whole revolution from the \forw ard" direction of
scattering to the \backward" direction and bad to \forw ard". In the usual
spherical system of coordinates, this corresponds to p varying from 0 to %
then changing Ato | A and varying p back from %to 0. Note that, for a "nite
ensenble of random clusters, the result is not necessarilysymmetrical with
respect to the point p = ¥ However, it must be symmetrical for an in"nite
ensenble of spherically symmetrical (on average) clusters; this follows from
the fact that neither % nor Hi can depend on A in this case.

XXXIX
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Fig. 1.12 Relative °uctuations % (M)=H ()i for di®eren wavelengths as func-
tions of the scattering angle . For ead curve, the horizontal line corresponds to
the level 3%4=hHi = 1; the distance between the nearest horizontal lines is 1; and
% (0)=h (0)i = % (2¥9=H (2¥3i = 0. Calculations are performed for the sameen-
senble of computer-generatedclustersasin Fig. 1.11. Note that [ is allowed to change

from O to 2Y4(unlik e the usual spherical system of coordinates where O - [ -
so that the \observer" makes a complete revolution from the \forw ard' direction of

scattering to the \backward" direction and back to \forw ard".
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First, we considerthe domains of p where the asymptote (1.95) is valid.
The characteristic valuesof i (de ned from the condition g(l) = R} 1 are
5:4¢10 3Ysfor | = 1051, 1:0¢10' 2Y4for | = 20:51, 2:6410' 2Yifor , = 50:5, and
0:16Yfor , = 10G5l. One can easily seethat the value of % =hHi °uctuates
nearunity if e ¢, H¢ 2% [.® It should be noted that for a “nite ensenble,
¥%=hi is a random quartity itself. Since there is no noticeable systematic
dependenceon p in the domain de ned above, we can perform additional
averaging of % =Hi over |, The results for this averagingare (up to the third
signi cant “gure): 0:98 for , = 10:5l, 1:00 for , = 20:5l, 0:96 for , = 505!,
and 1:.01 for , = 1005l.

The numerical data suggestthat the value of the relative °uctuations of
the intensity of light scattered by cluster-cluster aggregatesis very closeto
unity and statistically independert of the scattering angle i, aslong as [ lies
in the domain de ned above. This is true for a wide range of wavelengths, .
Howevwer, for very large ., the domain of p shrinks and becomesessetially
empty when, = 4YR,.

1.5.3 Polydisp erse clusters

Now we consider a polydisperse ensenble of clusters, i.e., an ensentble con-
taining clusters with di®erert N's. We rst look at the caseof large g, when
the condition q A R§ Lis fulTTled for almost every cluster in the ensenble.

We can calculate H i by performing an additional averagingover N in Eq.
(1.92). In the caseof large q, this averagingleadsto

Hi= H\li©1+ ai(D i 1)sin[%{D j 1)=2]=(q|)Da : (1.98)

It is natural to assumethat the intensity scatteredby someindividual cluster
Ik canbe represened as

Ik = NgJg ; (1.99)

where Ny and Ji are statistically independert random variables, and

hWi=1+aj(Dj 1)sinD i 1)=2]=cP : (1.100)

Then ensenble averaging of (1.99) results in (1.98).

For a monodisperse ensenble, Jix coincide with | up to some constart,
common for ead cluster. Therefore, the relative dispersion of J, ¥ =hJi,
coincideswith the relative dispersion of | in a monodisperseensentble.

Further, we can use (1.99) to calculate the relative dispersion of scattered
intensity in a polydisperse ensenble in terms of that in a monodisperse en-
senble and the dispersion of the random variable N . Straightforward algebra
yields

5As can be seenfrom Figs. 1.11 and 1.12, there is no need for strong inequalities here.

xli
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S f
% % AR hi
— = - 1+
Hi  hi HNi2 73

.l
+1: (1.101)

From the numerical results of the previous subsection,we know that ¥ =hJi
is very closeto unity. Substituting this value into (1.101), we obtain

s

%o %R .
n= 2t L (1.102)

It follows from formula (1.102) that % =hHi is always closeto unity, even
for very polydisperseensenbles. The value of % =hNi cannot be much larger
than 1 for any physically reasonabledistribution of N. For exameI_e, if N is
uniformly distributed from 0 to Nnyax , this value is equalto 1= 3. If the
distribution hastwo sharp peaksof equal height near N1 and N, it is equal
to N1 N2j=(N1+ Np).

In order to verify Eq. (1.101), we calculated 3% =h i for a polydisperseen-
senble of 100 clusters. The number of particles in a particular cluster was
found from the Gaussianpr&bability distribution with the averagehNi = 5000
and the dispersior? % = HN2i j INi2 = 2000. The ratio %y =Ni for this
ensenble is approximately equalto 0:37. The calculations were done for two
di®erert valuesof , . After additional averaging over angles(as described in
the previous subsection), the results obtained are as follows: ¥ =Hi = 1:109
for , = 105, and % =Hi = 1:087for , = 20:5. The results following from the
theoretical formula (1.101) and the corresponding results for a monodisperse
ensenble (¥ =hJi) are 1.109 and 1.120, respectively. As we see,the results
match closely For the caseof , = 105, the di®erenceis only in the Tfth
gure.

1.5.4 Fluctuations of light scattered by trivial (non-fractal)
clusters

It is interesting to comparethe °uctuations of light scattered by fractal and
by trivial (D = 3) clusters. In this subsectionwe discuss °uctuations in
light intensity scattered from suc systems,restricting considerationto only
monodisperseensenbles.

To model random non-fractal clusters, we use the algorithm of randomly
close-paked hard spheres. In this algorithm, one chooses rst a volume to
be occupied by a cluster. In our simulations it is a sphereof radius Rg (\ s"
standing for \sphere"), sincewe intendedto build clustersthat are spherically
symmetrical. Then, monomersare randomly placed inside the volume. At

6These parameters characterize the probabilit y distribution according to which the values
of N were picked for each cluster. The actual parameters of the ensenble were slightly
di®erent: hNi = 5343, ¥y = 1953.
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ead step, the intersection condition is cheded: if the newly placed monomer
approadesany of the previously placed onescloserthan the distance |, this
step is rejected and the next random position is tried. In this way, eadh
monomer can be thought of as a hard sphere of radius |=2. The procedure
stopswhen a large number of tries is consequetly rejected. In our simulations
this number was chosento be 2 ¢10’. This algorithm allows one to achieve
a fairly densepadkaging. We have consequetly padked in a spherical vol-
ume with radius Rs = 14:2| forty di®eren clusters with an averageof 9;200
monomers per cluster. The volume fraction occupied by the particles was
%, 0:40. For comparison,it is ¥4 0:52 in the caseof a simple cubic lattice and
can be ewven lower for some other types of lattices. The minimum distance
from a given monomer to its nearestneighbor was very closeto I; the maxi-
mum distancevaried from 1:2| to 1:3l. Although this ensenble of clusterswas
not completely monodisperse,the variation of N wasvery small: the ratio of
the standard deviation of N and the meanwas equal to 2:4 ¢10' 3.

The results of numerical simulations of 34 =h i for the ensenble of 40 clus-
ters described above are shawn in Fig. 1.13a. As in the previous subsection,
the scattering angle p varies from 0 to 2% First, we notice the strong and
systematic dependenceof % =hi on W (For fractal clusters, this dependence
looks like statistical noise (cf. Fig. 1.12)). Second,for most anglesthe value
of % =hi is signi cantly lessthan 1 and decreasesvhen, grows. This depen-
denceon , is anticipated, becauseif there are many monomersin the volume
. 3, a cluster becomesoptically similar to a dielectric sphere,and its random
structure is of no importance. But this is not the casefor fractal clusters;
they are geometrically di®erert and random on all scalesup to the maximum
scaleRgy. As seenfrom Fig. 1.12,%=Hi for fractal clustersis on the order of
1, evenfor , = 1005l. But for non-fractal clusters3 =hH i is much smaller, on
the order of 10 2 for , = 50:5!.

The secondfeature of Fig. 1.13ais the presenceof sharp maximain ¥%=h i,
where it becomeson the order of 1. These maxima occur for the anglesp at
which H (Wi has minima (seeFig. 1.13b).

The problem of °uctuations can be solved exactly for spherically sym-
metrical random clusters, provided the positions of monomersin clusters are
absolutely uncorrelated. This is not the casefor the close-paked clusters dis-
cussedabove, becausein this model monomerscan not approac ead other
closerthan |, which brings about short-range correlations. It is clear that
the model of totally uncorrelated clusters (random gas) is not exact since
the monomersact like hard spheresduring aggregation. However, theoreti-
cal results for uncorrelated clusters help explain the main features shawvn in
Fig. 1.13.

Considera\random gas" of uncorrelated particles inside a sphericalvolume
of radius Rs. The ensenble-average quartities hexp(iq ¢r;)i, hexp(iq ¢rj )i,
and hexp(iq ¢rj; )i can be obtained from straightforward integration and are
as follows:

xliii
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Fig. 1.13 (a): Relative °uctuations % (W)=h ()i for random close-paked non-
fractal clusters (D = 3) padked in a sphereof the radius Rg = 14:2|, for di®erert
wavelengths. (b): Relative °uctuations, % (L)=h ()i, comparedto the averagescat-
tered intensity N i for the sameensenble of clustersand , = 10:5l.

hexp(iq ¢ri)i = ' (gRs) ~ ﬁ[sm(qu)i gRs cogagRs)] ; (1.103)
hexp(iq ¢rjj )i = ' (aRs) ; (1.104)
hexp(iq ¢rjj )i = " *(aRs) : (1.105)

The valuesof hi and h ?i can be found accordingto (1.92) and (1.97), with
the useof (1.103)-(1.105). The expressionfor H i is

Hi=N+N(N; 1) ?(gRs); (1.106)

and the expressionfor ¥ =h i is (in the limit of large N)

% 11 42+ 3+ 2 011 "IN,

Hi 1+ ' 2N

If ' (gRs) turns to zero for some value of g, this meansthat %=hHi has a

maximum and is on the order of 1 for this g. At the sametime, the average
scattered intensity (1.106) has a minimum.

The function ' (x) becomesexactly to zeroif x is a solution to tan(x) = x.

The rst root of this equation is x ¥ 1:43%2 The corresponding scattering

(1.107)
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angleis de'ned by cosp= 1j 0:26(,=Rs)?. This equation hasa solution only
if , < 2:8Rs. In Fig. 1.13 we have sharp maxima in ¥%=hHi for , = 105
and , = 20:5l, but there are no sharp maxima for , = 50:5I. For the clusters
considered,Rgs = 14:2l, and the critical valueof , is39:71. Weseethat , = 50
exceedshe critical value and, therefore, the corresponding curve in Fig. 1.13
has no sharp maxima.

Now we analyzethe expression(1.107)in more detail. First, whenN ! 1 |
this expressionassumeshe form

r

% _ 2052 1)

Hi - N : (1.108)
As onewould expect, the relative °uctuations are proportional to 1=p N. To
obtain (1.108), we took the limit N' 2 A 1. This condition can be expressed
in terms of the density © of monomersin clusters (where N = 4/R3°=3). By
using (1.103),we nd that, in orderto obtain (1.108), the following inequalities
must hold:

o1 .

o] e e .
A 5@ if aRs» 1 (1.109)

A (ARs) . A7
1o, g% ifgRs A 1 (1.110)

The condition is always ful'lled if gRs ¢ 1, since' (0) = 1. Note that in
order to derive (1.109) and (1.110), we assumedthat tan(gRs) 6 gRs and
sin(gRs); coggRs) » 1. As discussedabove, if tan(gRs) = gRs, ' (gRs) turns
exactly to zero, the condition N' 2 A 1 cannot be fulTled.

The above inequalities show that in order to obsenethe 1= N dependence
for the °uctuations, one needsto have many monomersin the volume g 2.
This condition depends on the value of gRs and is stronger when R, A
1. We emphasizethat for fractal clusters we can never obtain the 1= N
dependencefor relative °uctuations (see,for example, the curve in Fig. 1.12
for , = 1005l). The reasonis that the fractal clusters are disorderedon all
scalesup to the maximum scaleRy, Vﬁhereastrlwal random clusters become
homogeneouson scaleslarger than 1==

Now we turn our attention to the nature of the sharp maxima in ¥ =hi
which are seenin Fig. 1.13a. As mentioned above, these maxima coincide
with the di®raction minima of the averagescatteredintensity. The di®raction
minima occur becausewithin the “rst Born approximation, and for certain
scattering angles,the EM "elds produced by monomersin a cluster almost
exactly cancel eath other due to destructive interference. As a result, the
scattered eld for these scattering anglesis produced, in fact, by a very few
monomers,rather than by the whole cluster. This resultsin the strong relative
°uctuations.

xlv
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1.6 ABSORPTION OF LIGHT BY SMOKE CLUSTERS
PLA CED IN A WATER DR OPLET

Soot clusters often form agglomerateswith water microdroplets, especially
in the clouds [59, 60, 61, 62, 63]. Naturally, this might be expected to lead
to dramatic changesin the optical characteristics. In this section we obtain
qualitativ e results concerningthe absorption crosssection of sudh composite
microdroplets in the ‘rst Born approximation, with an accourt of the fractal
morphology of carbon soot clusters. Our consideration includes the non-
fractal homogeneoudistribution of carbon inclusions as a limiting case. A
more detailed accourt can be found in Ref. [64].

The theoretical treatment in this sectionis somewhatdi®eren from the rest
of the chapter. The small parameter of the perturbation expansionwill be
not A, asabove, but the volume fraction of carbon soot inside a water droplet.
The microdroplet radius will be denotedby Ry (\ d" standing for \droplet"),
and its volume by vq = (4¥#3)R3, sothat the small parameter of the expan-
sion is Vit =Vg, With vy still being the total volume of carbon inclusions. It
is not assumed,however, that the carbon inclusions in a microdroplet form
one self-supporting cluster, or are built from spherical monomers. The only
important quartit y entering the calculations will be the averagedensity of in-
clusions,H4r)i, wherethe averagingis performedover an ensenble of droplets
of the sameradius with random carbon inclusions inside. Correspondingly,
the results obtained below are of statistical a nature.

1.6.1 Intro ductory remarks and review

When soot particles are placed inside a water droplet, they are no longer
exited by a plane wave, but rather by internal modesof a high-quality optical
resonator. To complicate things further, the resonator modes can e®ectiely
coupleto the modesof clusters the themselhes.

There have been a considerablenumber of experimental [65, 66, 67, 68,
69, 70] and theoretical [51, 71, 72, 73, 74, 75, 76, 77, 78] studies of scattering
and absorbing properties of inhomogeneousspheres. The simplest model for a
water droplet with an inclusion inside is a spherical dielectric particle with an
ecceltric sphericalinclusion. An exact formal solution to the problem of light
scattering and absorption by sudh composite sphereswas obtained by Borgh-
eseet al. [72] and generalizedfor the caseof multiple arbitrarily positioned
spherical inclusions by Borgheseet al. [75 and Fuller [51, 52, 76, 79. The
solutions were obtained by the vector spherical harmonic (VSH) expansionof
electrical elds inside the homogeneousspherical regions and satisfying the
boundary conditions at all the discortinuity surfaces. Even in the case of
one spherical inclusion, the solution must be obtained from an in"nite-order
system of linear equations. As discussedin Sec.1.4.3,the VSH expansionis
truncated at somemaximum order L, and the system cortains » L? equa-
tions [72]. When multiple inclusions are considered,the number of equations
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is further increased,which makesthe problem very complicated numerically.
Also, the approach basedon the consideration of the exact boundary condi-
tions requires a knowledge of the exact geometry of the problem before the
time-extensive calculations. This fact complicatesthe averaging of solutions
over a random distribution of inclusions inside water droplets.

An alternative approac basedon perturbation theory was dewveloped by
Kerker et al. [71] and Hill et al. [77]. According to their method, the dielectric
function of an inhomogeneoussphereis represened as a sum of a constart
(unperturb ed) value and a small coordinate-dependert perturbation. In the
zeroth-order approximation, the “eld inside the droplet is calculated within
the assumption that the perturbation of the dielectric function is equal to
zero. This "eld is given by the Mie expansionin terms of the VSH. In the
next iteration, the “eld in the zeroth-order approximation inducessomeaddi-
tional polarization (or, equivalertly, current) in the volume, proportional to
the perturbation of the dielectric function. This additional polarization can
be usedto calculate changesof scattering and absorbing characteristics of the
inhomogeneoussphereas comparedto the homogeneougunperturb ed) one.
A big advantage of this method is that it allows one to perform averaging
over random perturbations. Howevwer, it has a drawbadk. As was pointed out
by Hill et al. [77], the internal "eld must be computed iterativ ely. That is,
the additional polarization calculated in the “rst iteration described above
should produce someadditional internal electrical "eld, which, in turn, gives
rise to additional polarization (now proportional to the unperturbed dielec-
tric function), and soon. Physically, this meansthat the modesof a spherical
resonator are coupledto the modesof the perturbation of the dielectric func-
tion. In order for a "nite-order approximation to be accurate, it is necessary
that the perturbation expansionof any physical quantit y under consideration
corverges. In the next subsectionwe shaow that, in general, this is not the
case. More speci cally, this expansionalways divergesfor physical quartities
related to scattering (such asthe di®erenial scattering crosssection). How-
ever, the perturbation expansion cornvergesfor the absorption cross section
when the imaginary part of the unperturbed dielectric function is zero (or
suzxciently small).

We will usethe above fact to calculate absorption cross sections of car-
bon smoke particles inside spherical water droplets in the “rst order of the
perturbation theory. The perturbation expansionis mathematically similar
to that of Kerker et al. [71] and Hill et al. [77]. The water itself is assumed
to be non-absorbing. We perform calculations for a fractal distribution of
carbon inclusionswith a power-law dependenceof the density on the distance
from the certer of a water droplet; the caseof trivial (non-fractal) geometry
is consideredas a limiting casewhenD = 3.

The approach developed below appliesto any spherical highly transparent
microcavities doped with strongly absorbing inclusions with the fractal di-
mensionfrom 1 to 3, not just to carbon soot inside water droplets. However,
the numerical results are strongly dependent on the refractive index of the
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host. The di®erencebetweenmicrodroplets with the refractive index of water
(» 1:33) and of sulfate (» 1:52) was demonstrated by Fuller [52, 79].

1.6.2 Formulation of the model

Consider a plane monochromatic wave of the form (1.7) incident on a spheri-
cal water droplet of a radius Ry containing a carbon soot cluster inside. The
physical systemunder consideration can be characterized by a dielectric func-
tion of the form
n
= 21+ (%20 2)%r); r- Ry

)= g >R . (1.111)
Here 2; and 2, are the dielectric constarts of water and carbon, respectively,
and ¥r) is the density of carbon inclusionsinside the droplet, normalized by
the condition

z

S = vt ; (1.112)
Va

where vy is the total volume occupied bylsarbon and Ve denotesintegration
over the spatial areade ned by r - Ry ( Ve d®r = v4). We assumethat the
volume fraction of carbon is small, sothat the small parameter of the problem
IS Vit =Vg. We also assumethat “4r) = 0 for r > Ry, i.e., the soot cluster is
completely covered by water.

In our notations, 4r) denotesthe exact density of carbon inclusions for
somegivenrandom realization of a soot cluster. As such, “4r) = 1if the radius
vector r liesin the areaoccupied by carbon, and %r) = 0 otherwise. We will
seethat for a calculation of some average physical characteristics, suc as
absorption, one needsto average¥r) over random realizations of carbon soot
clusters. We denotethe averagedensity by H4r)i; it canbe interpreted asthe
probability to "'nd somegiven point r inside a droplet occupied by carbon.
If HAr)i is bound everywhere inside the sphere, the condition vyt =vy ¢ 1
implies that HAr)i ¢ 18r.

The integral equation for the electric "eld E(r) analogousto (1.5) hasthe
form

Z

E(r)= Enc () +  Ggr(ri ro)z(r:)f/ilE(ro)d:grO: (1.113)
\ 4

The di®erencefrom (1.5) is that the coupling constart is how coordinate-
dependert and can not be moved out of the integral. Therefore, it is more
corveniert to write it explicitly as a function of 2(r9. Note also that the
equation is written for the electric "eld rather than for polarization P (r) =
[(3(r) i 1)=4VIE(r).

At the next step, we represen the electrical eld inside the sphereasa sum
of two contributions:
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E(r) = Es(r) + Ec(r) ; (1.114)
where E4(r) is the solution to Eq. (1.113) with 2, = 24, i.e.,
2, 1Z
Es(r) = Einc (1) + — A(ri rYEs(rYd”; (1.115)
4]/4 Vd

and E.(r) is the additional term which appears becauseof the presenceof
a carbon cluster. Es(r) is given by the Mie solution for a dielectric sphere
and we assumethat it is known. Substituting E(r) in the form (1.114) into
(1.113), we nd the equation for E(r):

2, : 2 Z
Ec(r)= 2= %WO96(ri r9Es(r)d*r%+
. &,
+ i 1+ (21 21)%ro)é(ri rYOE(r%a®r®: (1.116)
v, i

The rst term in (1.116) with the known function Es(r) seresasa free term
for the integral equation (1.116).

For many practical problems, a knowledge of the ensenble-averagedinter-
nal "eld is sutcient. (Evidently, this classof problems does not include the
problems of nonlinear optics that require consideration of °uctuations of the
local "eld.) We cannot perform direct averaging of Eq. (1.116) over random
realizations of inclusions, becausesud averaging would add an additional
unknown term HAr)E.(r)i. In the generalcase,we cannot factorize this cor-
relator as H4Ar)E.(r)i = hAr)ihEc(r)i. However, in the linear (in Vit =Vg)
approximation we can neglect the above term as a higher-order correction.
Then it becomespossibleto write an equation for the ensenble-averagevalue
hE.(r)i:

z
2, : 2
FE(r)i= 21 hAr9id(ri rOEs(rYd3+
4]/4 Vd
2 .
1i E(ri rYRE(r%idero: (1.117)
B,

We can make two important conclusionsfrom the generalform of (1.117).
First, the ratio of jhE;ij5Esj is of the sameorder of magnitude as vio =Vy.
This can be seenby multiplying H4r9i in (1.117) by somearbitrary constart
®. The average eld hE.(r)i is also multiplied by the samefactor ®. This
meansthat jhE (r)ij5Es(r)j » HAr)i » vt =vq. A similar result is readily
obtained for the exact eld E.(r) (beforethe averaging).

Second,it is generally impossibleto apply the Born expansionor similar
perturbation expansionto a calculation of hE.(r)i. Indeed, both terms on the
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r.h.s. of (1.117) are of the sameorder of magnitude (proportional to vio =Vg).
Suppose, we start from the zeroth-order approximation rEEO)(r)i = 0, and
substitute it into (1.117) to obtain the “rst-order approximation, and so on.
It is easyto seethat all the terms in the generatedexpansionwill be of the
sameorder of magnitude, and thus corvergencecannot be reached.

The above fact makesthe general scattering problem for a water droplet
containing a cluster inside very complicated. Indeed, the only small parameter
of the problem, vyt =y, cannot be usedto generatea corverging expansionfor
E.(r). Howewer, aswe show below, we can usethe fact that JE(r)j5Es(r)j »
Viot =Vg to calculate the absorption cross section when water itself is weakly
absorbing.

The formula for the absorption crosssection in terms of the polarization
function canbe obtained from the optical theoremand direct integration of the
scattering amplitude [34, 35], and is analogousto (1.20), exceptthe dielectric
function 2(r) now is not constart inside the integration volume:

4

A
168k Im2(r) " o
. T . " P(r d°r = — ImI2(r E(r d3r -
iEoi? v, Py 12 P () B, MECLE)
(1.118)
Using the formulas (1.111) for #(r) and (1.114) for E(r), we can rewrite the

above expressionfor the absorption crosssection as

Sﬁ:

yi
2 2. 2
Vo= 1 e npdr o+ NMC21 By R +
JEoj® v, 7 JEoj Vg
2 n (0]
'_"m_; 2Re[Es(r) CE2(r)] + JE(r)i® oPr +
Eoj? v,
2.+ 2 n 0
SRR ) 2RelE(n) eEX ¢ JE i (119
0 Vg

Now we analyzethe terms on the r.h.s. of (1.119). The rst term givesthe
absorption crosssection by a water droplet without inclusions. It is given by
the well-known Mie solution and, consequetly, is of no interest for us. Taking
into accourt that HAr)i » jEcj5Esj » Vit =Vg, we nd that the secondand
the third terms are of the sameorder of magnitude and give the rst-order
correction to the absorption crosssections. Finally, the fourth term is of the
order of (vir =Vg)?2, and can be neglectedin the st approximation.

Evenin the rst approximation, the expressionfor the absorption crosssec-
tion contains the unknown “eld E(r) in the third term of (1.119). However,
for the particular caseof carbon and water, Im2, A Im2;. This additional
factor allows oneto neglectthe third term in the expansion(1.119). In prin-
ciple, the "rst term can be still large or comparableto the secondone due to
the large factor vg=wqt , but this fact doesnot complicate further derivations.
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Finally, we can represert the absorption crosssection as ¥, = Yawater +
Ya:car bon Where ¥a.w ater IS given by the rst term in (1.119), and

kim2,
JEoj?
The above formula givesthe absorption crosssection assaiated with carbon
inclusionsin the “rst order in vyt =Vg; the higher corrections are of the order
of (Viet =Vg)?. In the ideal caseof Im2, = 0, this formula gives the total
absorption of a composite droplet. Below, we will assumefor simplicity that
2, is a real number.

SinceY%2and Es are statistically independert, we can perform direct aver-
aging of (1.120) over random realizations of carbon soot inclusions:

Yr) jEs(r)j> dr : (1.120)

?/ﬁ;car bon =
Vd

kIm22
jEoj?

Note that in the above averaging the radius of a water droplet is "xed.

ha:car boni = HAr)i jES(I’)j2 dr : (1.121)
Va

1.6.3 Enhancemen t factor

Wede ne the enhancemen factor G asthe ratio of the absorption crosssection
of a carbon soot cluster in a water microdroplet, de ned by (1.121) to that in
vacuum:

7% [
G= ﬁécar bon ; (1.122)
A ar bon
;car bon
where F? ?iar boni IS the average absorption cross section of carbon soot in

vacuum. The latter can be easily calculated using Eq. (1.118) and replacing
E(r) by Ei (r). Taking into accourt that jEi (r)j> = jEoj% and 2(r) =

1+ (22§ 1)%r) for carbon soot in vacuum, we nd that rﬁ/fé?ia, bonl = Kvim2,
and
1 4
= ——  HAnNIES(nNj*dr : 1.123
Vo fEo o, HDTES()] (1.123)

The averagedensity of carbon inclusions H4r)i must be spherically sym-
metrical: HA4r)i = HAr)i. Therefore, the angular integration in (1.123) can
be donein the most generalform, without specifying Hv:

1 Z g, z
G= ——— r2hAgr)idr  JEs(r)j®d- : 1.124
VB g i Es(r) (1.124)
The internal "eld Es is given by the expansionin terms of the VSH's,
Momn; Memn; Nomn and Nemn (for a detailed description of the VSH ex-
pansion, seeRef. [80] ). For a planeincident wave, only the VSH's with m = 1
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are left in this expansion. Further, if the incident wave is polarized along the
x-axis, M «1n and N 51, are not excited.

For linear absorption, it is suxcient to considera linear polarization of the
incident wave. An elliptical polarization can be described as a superposition
of two linearly polarized waves;the absorbed power due to thesetwo wavesis
added arithmetically becauseof the linear nature of the interaction. Below,
we will adopt the linear polarization of the incident wave along the x-axis
(Eo = exEp), and will usethe following simpli ed notations for the VSH's
that can be excited in this particular case: M, © Mo, and Ny © Nein.
Then the expansionfor the E¢ “eld takesthe form

in EO(zn + 1)

Es = n(n+ 1)

n=1

Here ¢, and d, are the internal "eld coezcients [80] de ned by

(cnMp i idaNp) : (1.125)

h io
jn() xnE2 () i hE (%) X0 ()]°

Cn = h i : (1.126)
Pn(x0) xh® (0 i h® () [aj n (x2)]°
h io
in() xh& () i hE (%) [xj 0 ()]°
dy = h i ; (1.127)
(xa=)jn(x1) xh& () i (=x)h§ (%) [Xaj 0 (x2)]°
x=KkRq: X1=kRg: ki= " 7zk: (1.128)

where |, (x) and h® (x) are the spherical Besseland Hankel functions of the
“rst kind, respectively, and the prime denotesdi®erertiation with respect to
the argumernt in parenthesis.

Taking into accourt the mutual orthogonality of the VSH's, the angular
integral in (1.124) can be written as

z

L . Z Z
jEoj?(@n+ 1) . )

*
Es(ifd- = o del® Mid +jdf? Nd-

n=1
(1.129)
Note that for a purely real dielectric constart 2; the VSH's are also real; this
is why jM j? and jN ,j2 were replacedby M 2 and N2 in (1.129).
Integration accordingto (1.129) can be performed directly using the nor-
malization formulas for the VSH's (the details omitted), and the result is

z %
JEs(n)j?d- = 2¥jE¢j2 (2n+ 1) £
n=1
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( ) u 1. u 1.7
o . i (Ker in(ker)
ichi%i 2(kar) + jdnj? n(n+ 1) % + J“l%)ﬂ,?(klr)

(1.130)

Further calculations require specifying the form of H4r)i. Below, we con-
sider two cases:fractal distribution of the inclusion density and homogeneous
distribution.

An important questionis how the carbon inclusions are located inside the
microdroplets. This can be in°uenced by many factors such as the chemical
composition of soot particles, surface tension forces, temperature, etc. The
formation of agglomeratesof soot clustersand water can changethe geometri-
cal properties of the clustersdueto the action of surfacetensionforces[81, 82).
The averagedensity of inclusionsmust be spherically symmetrical if there is no
distinguished direction in space.We also assumethat, in accordancewith the
fractal density distribution, it obeysa power law with the scaling parameter
D accordingto

. VietD 5.3 .
HAr)i = ﬁr[" 3 if r<Rg: (1.131)
Here the radius of the microdroplet, Ry, senesasthe cuto®, and the density
function (1.131) satis es the normalization (1.112).

Note that, according to its physical meaning as the probability to nd a
spot at the distance r from the droplet certer occupied by carbon, HAr)i
cannot be greater than unity. In fact, the perturbation expansionusedabove
relies on the assumptionthat HA4r)i ¢ 1. The formula (1.131) may seemto
cortradict this assumptionwhenr ! 0. Howewer, the divergenceof HAr)i
at small r is not signi cant sinceall the physically important radial integrals
corvergefast enoughin this limit (seebelow); thus the actual value of H4£0)i
is not important. The small parameter of the perturbation expansion, vy , is
obviously presert in the de nition (1.131).

The caseD = 1 correspondsto inclusionsin the form of long linear sticks,
while D = 3 corresponds to a homogeneousdistribution of inclusions. If
D = 3 (trivial geometry), the problem becomesmathematically equivalent to
the Mie problem for a homogeneoudielectric spherewith some e®ectie di-
electric constart 2 ¢. A non-perturbativ e analytic solution can be obtained
in this case. However, this method has certain ditculties. First, the form
of 2+ is not obvious. For carbon inclusions of spherical shape and small
concerration, onecanuse2gis = 21+ (Vi =Vg)(22 i 21)=(%2 + 221) [83]. But
this formula is not applicable when the inclusions are not of spherical shape
or form clusters of touching particles. An approad basedon determining the
e®ectie dielectric function was used by Chowdhury et al. [74, 78 who sug-
gestedaveraging of the 2 with the weight that includes the local intensity of
the unperturbed electric "eld inside the sphere. Chowdhury et al. de ne two
di®erent averageddielectric constarts, one of which is usedfor computation
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of the internal (or external) eld coezxcients and the other for the e®ectie
absorption (or gain). This method is somewhat similar to the perturbativ e
approac usedherein that it usesthe unperturbed electric "eld to compute
the e®ective 2. Di®erert e®ective medium approximations were also used by
Videen and Chylek [84]. The secondditcult y is that the extinction and scat-
tering crosssectionsin the analytical Mie solution are expressedas in nite

seriesinvolving the scattering coetcient a,;c,; the absorption crosssection
must be calculated as the di®erencebetweenthesetwo values. When the ab-
sorption is small, such a calculation involvesa numerical procedureof "nding

a small di®erencebetween two large numbers, and the round-o® errors be-
comevery signi cant. Instead of nding an analytical solution basedon some
de nition of 24, we will usethe perturbativ e approac developed above for
the D = 3 case. This approad is also valid for D < 3 (fractal geometry),
when an analytical solution cannot be obtained, thus allowing usto maintain

self-consistencyof the results.

1.6.4 Numerical results

By using the averagedensity function (1.131) and the result of the angular
integration of jEs(r)j? (1.130), one can expressthe absorption enhancemen
factor (1.124) in terms of simple radial integrals involving spherical Bessel
functions. Inserting the expressions(1.130),(1.131)into (1.124) and taking
the integrals cortaining derivativesof the spherical Besselfunctions by parts,
we arrive, after somerearrangemer of terms, at the following result:

p X 5 '5i D
G= o5 (2n+1) jeni?ln(@)+ jdnj? “xD1 22 (x1) +
2(kiRa)® y
A
. . 4; D)@3; D ;
X2 T (X1)jn (1) + Tn(1) + %IMS)  (1.132)
Z .
In(®) = xP1®j2(x)dx : (1.133)
0

The integrals 1, (®) corverge for all physically interesting values of the pa-
rameters and must be evaluated numerically, exceptin the trivial caseD = 3.

As was pointed F9Ut by Bohren and Hu®men([8(], the di®raction parameter
x = kRq (or x; = © 2x) cannot be, in general,viewed asthe only independen
variable of the problem, although it may seemso from the mathematical
form of Egs. (1.123) and (1.132). Indeed, when 2; dependson ,, X;=x 6
const Instead, there are two physically independert parametersthat de ne
completely solution to the scattering problem: Rq and , . However, when 2;
doesnot depend on ,, x;=X = 2; = const, and the di®raction parameter x
becomesthe only independert variable. In this case,we do not needto know
whether x changesdue to a changein Rq or in | .
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For the particular caseof water, the assumption x;=x = const is a good
approximation in the spectral range from 0:3' m to 2:0' m [85]. We have set

Z; = 1:33 = const which allowed us to perform numerical calculation of the
enhancemen factor G as a function of one independert variable, x = kRg.
We allowed x to changefrom 0 to 1000. This range of x includes most of the
practical valuesof Rq and ,. Thus, for , = 0:4* m, Ry can vary from O to
%, 60t m.

Now we turn to the calculation of the internal "eld coezcients, ¢, and d,.
We calculated the Besselfunctions and their “rst derivativesthat are usedin
the de nitions (1.126) and (1.127) of the internal "eld coezcients, using the
three-point recursion relation [86]. The maximum order n that givessigni -
cant corntribution to the optical crosssectionscan be roughly estimated [80]
asNmax ¥4 X = kRqy. The internal “eld coezcients jc,j? and jd,j?> decrease
dramatically for n > npax , asillustrated in Fig. 1.14. In Fig. 1.14a,we plot
the internal "eld coezcients for = Z; = 1:33 and x = 259664. The speci ¢
value of x was chosenfrom the condition that the absorption cross section
has a resonance. In terms of the VSH's, the resonanceoccurs for the order
n = 131, when jc,j? reaches the value of ¥4 3:23 ¢10’; there is also a large
number of weaker resonancesof jc,j2. (Note that jd,j? has no strong reso-
nances.) Sincethe total number of VSH's that cortribute to the absorption
is of the order of 300, and jcy31j2 is more than 5 orders of magnitude larger
than the averagebackground, we can concludethat the resonan VSH gives
the prevailing input to the optical crosssections. For comparison,we plot in
Fig. 1.14bthe internal "eld coezcients for the samerefraction index, but for
an o®-resonah value of x = 26G400. Both pictures look very similar, apart
from the resonanceorder n = 131in Fig. 1.14a.

The numerical results for the absorption enhancemen factor G(x) are
shown in Fig. 1.15for D = 1:1 (Fig. 1.15a)and D = 3:0 (Fig. 1.15b). As can
be seenin Fig. 1.15, G(x) has a large number of quasi-random morphology-
dependert resonanceqdue to the presenceof resonancesn the internal "eld
coezxcients illustrated in Fig. 1.14), but only a very slight systematic depen-
denceof G(x) on x can be seenin the interval 10 < x < 1000. The slight
systematic increaseof G(x) can be attributed to an increasein the average
resonancequality with the size parameter x. It can be also seenfrom a com-
parison of Figs. 1.15aand 1.15b that the enhancemen factor is larger, on
average,for D = 1:1 than for D = 3:0.

In a polydisperse ensenble of microdroplets with size parametersin the
wide range10< x < 1000the individual resonancesre smoothed out and the
average absorption enhancemen factor, hGi, which is practically important,
is given by the averaging of G(x) over x. We performed such averaging in
the interval of x speci ed above for di®erert D (1 - D - 3) and the results
are shaowvn in Fig. 1.16. The averaging was performed with the step sizein x
equal to 0:1. This step size was small enough so that most resonanceswere
visually resolved. Averagingwith alarger resolution resultedin a smallervalue
of hGi becausethe resonancesn G(x) are very narrow. It is important to
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Fig. 1.14 Internal "eld coexcients, jC,j? and jdnj?, asfunctions of the VSH order,
n. (@): X = 259664 (resonanceorder n = 131); (b): X = 260400 (no pronounced
resonances).
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Fig. 1.15 Absorption enhancemen factor G as a function of the di®raction param-
eter X = KRq for D = 1:1 (a) and D = 3:0 (b).
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hG(D)i

Fig. 1.16 Averageabsorption enhancemen factor hGi as a function of the fractal
dimension, D.

emphasizethe signi cance of the averaging process. For a randomly chosen
X, G(x) is, with a large probability, smaller than hGi by a factor of 4 or
5. Thus the resonancesof G(x) play an important role and should not be
ignored. It should be noted that the averagingwas performedin the region of
10< x < 1000where there is no pronounced systematic dependenceof G(x)
on x. For x < 10, the averagedG is considerably smaller.

As can be seenin Fig. 1.16, hGi is maximum for D = 1 and decreases
towards D = 3. For the practically important value D = 1:8, hGi ¥ 16, and
the maximum variation of hGi with D doesnot exceed§ 6. The dependence
of hGi on D can be explained by an interference betweenthe fractal density
function H4r)i and the modesof a spherical resonator.

The averaging procedure involved in our calculations might explain why
our estimates of the enhancemen factor are signi cantly larger than those
reported earlier [52, 79, 84, 87]. Fuller calculated the speci ¢ absorption cross
section for a single spherical carbon grain located near the surfaceof a water
droplet [52] and inside the water droplet [79] as a function of the grain's
position. Although Fuller's data are not averagedover the whole volume of the
microdroplet, they indicate that the volume-averagedabsorption enhancemen
factor is smaller than 14. Chylek et al. averagedthe samequartity for the
carbon inclusion location distributed evenly within a spherical conewith the
axis collinear to the incident wave propagation direction [87] and over the
whole volume [84]. In the rst casethe authors estimate the enhancemen
factor to be¥4 4, and in the secondvs 2. Howe\er, all of the above calculations
were performed for a "xed value of the di®raction parameter x. Becausethe
resonancesare very narrow, it is unlikely that a randomly selectedvalue of
x will lie within a resonance. Our calculations indicate that if x is chosen
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exactly in resonancethe volume-averagedenhancemen factor can be aslarge
as10*. Our calculations indicate that the averagedabsorption factor is larger

by a factor of » 4 5 than that calculated for a randomly selectedvalue of

X. For the trivial distribution of carbon inclusions (D = 3), we obtain the

averagedenhancemen factor of 14, while for a randomly selectedvalue of x

the typical (most probable) enhancemen factor is from 2 to 4. This suggests
that, although the resonancesn x are very narrow, they are not small in the

integral sense,and should be taken into accourt.

In conclusion,we note that within the framework of the “rst Born approx-
imation that was used throughout this section, the absorption cross section
of a free carbon soot cluster excited by a plane wave is proportional to the
total volume of carbon and doesnot depend on the cluster's geometrical con-
“guration. Howe\er, this is not the casewhen the cluster is excited by the
inhomogeneousmodesof a spherical resonatorinstead of plane waves. In this
case,the absorption is stronger, on average, if the inclusionstend to concen-
trate in the spatial regionswhere the intensity of local "elds is higher.
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