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1 Half-Space Geometry

pa/ps = 6.0 x 107>, g = 0.98.



2 RTE in the Half Space

RTE:
[g -V Mt — /’LSAA} I(rag) — 6(1‘,§),
where pt = pa + ps and AI(r,8) = [d?s’ A(5-8')I(r, ).

Boundary Condition:
I(p,z=0,8) =d(p—po)d(S—50) [5-2>0],

where p, = 0,50 = Z.

The Solution:




3 Angular Dependence of Intensity 1
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4 Angular Dependence of Intensity 2

z = Bo*
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5 Basis Modes

Find the solution to
SV 4 put — psA| I(r,8) =0

with Iy (p,z — 00,8) = 0

Answer:
k=—iq+ Qu(q)z, Qu(q) = \/q2 + A2

I(r,s) = I("')(r S)
fmax a—imebq
— eiap—Qulg)z S‘ S‘ Yem(S)
(=|M| m=—¢ v

X (U pn(M)) dypyliT(gA)]-



6 Eigenvalues and Eigenvectors

B(M) |¢n(M>> = Au=(M,n) |(/5n(M)> :

Here
[0 Butr O \
B(M) — Bu+1 0 B+ | |
O B2 0
where
62 _ M2
By = :
(4402 — 1)op04-1

Note that

or = pa+ps (1 —g°), g—/dz’@ §)AB-F
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/ Analytic Continuation of the Wigner d-Functions

dan(e) — dan [i7(2)]

using

cos[it(z)] = /1 + 22, sin[ir(z)] = ix.

Some examples:

dog = 1,
(dl = VIF22
y dor = —dip = \%|CE|»
| d = L(WIF2+1),



8 Coefficients

We substitute

/
) — (-I-)
p=(M,n)
where max a—imdq
I5P(r,8) = efar @ 3" S Vi (8) =
(=|M| m=—¢

X (Ll pn (M) dy,p [ (gN)],

for
I(p,z=0,8) =0(p—pp)d(s—50) [s-2>0].



8 Coefficients

We substitute

< d*q (+)
I(r,s) = Fu(a)ly,’(r,s),
(2m)2 "
p=(Mn)
h | fmax —imdq
whnere [((L;'_)(r’,s\) — ezq.p_Qu(q)z S‘ S‘ nm(s)e
(=|M| m=—¢ \/_
X (€|pn(M)) dy,p [im (gN)],
for
I(p,z=0,8) =6(p—py)d(8—580) [s-2>0].
And multiply

/ d?s Jm/(§)/d2peiq'p.
5:2>0
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9 Half-Range Integral

/ d*s Yy, (8) Y, 8) = Sy it
§-2>0

where

- 1 20+ 1D)(20 4+ 1) —m)' (& —m)!

w = 2\/ (0 + m) (0 + m)!

v /O "B (2) P (2)d

Properties of 1/),:

o I, = 20, ifl =1 =evenor{=1{ = odd.

o [, = 1.
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10 Coefscient Matrix

Z Ay uo(@) fus (@) = vy,

)
Z AE’m’,Mn(Q)an(Q) — Vo
Mn

where
fmax
(D, (M .
Apan@ = Y ) )],
Oy
t=max(|m/,| M])
an(Q) — FM(Q)eiq.poa

\/ 20 + 1
Vot — 5m’0 .
47

11



11 Symmetry in the Linear Equations

“Equation for (¢, —m’)” = “Equation for (¢',m’)”

because

—m! __ m/
IM’ —

d’ s [T (@am)] = (=)™ TMdl L lir(gham)] -
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11 Symmetry in the Linear Equations

“Equation for (¢, —m’)” = “Equation for (¢',m’)”

because

I—m/ —_ m/

e = Lors

d’ s [T (@am)] = (=)™ TMdl L lir(gham)] -

Therefore

Forn(@) = (=)™ farm(q).
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11 Symmetry in the Linear Equations

“Equation for (¢, —m’)” = “Equation for (¢',m’)”

because

I—m/ —_ m/

e T e

d’ s [T (@am)] = (=)™ TMdl L lir(gham)] -

Therefore

Forn(@) = (=)™ farm(q).

We consider
0< m' < lmax, 0 <M < lmax.
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12 Two Sets of Parameters 1

pm = ,m) € {(f,m)0<m' <V, 0<¥ < lmax},
p2 = (M,n) € {pry,>0,1<n,0<M < /lmax}

Choose 1 = (¢, m’) as

L1 0 m/

1 0 O Give /ax

2 1 O — Maximum number of equa-

3 1 1 tiOIlS, ,U/max:

4 2 0 ~ (lmax + 1) (Umax + 2)
Hmax — .

5 2 1 2

6 2 2
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13 Two Sets of Parameters 2
pm = ,m) € {(f,m)0<m' <V, 0<¥ < lmax},
p2 = (M,n) € {p/A,>0,1<n,0<M < lmax}
Choose > = (M, n) as

/,LQMn
O

Larger eigenvalues are more
important:

Az > Aup+1-

SO O p W N B
O B N O =
w N R N R =
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14 A Naive Way (Doesn’t Work)

For /ma.x = 2, make the 6 x 6 matrix A as
pr £ m' i M n — det A ~ 0.
0

Some equations are numeri-
cally dependent!

—213.[1st Eq.] 4+ [2nd Eq.]
~ 2]7,[4th Eq.]

N P O —» O O
O 00 W N -
S = N O =

w N =B N =B =

O
1
1
2
2
2

SO O A WND =
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14 A Naive Way (Doesn’t Work)

For /ma.x = 2, make the 6 x 6 matrix A as

e £ m'|ux M n
1 0 0|1 0 1
2 1 0|2 1 1
3 1 13 0 2
4 2 0|4 2 1
5 2 1|5 1 2
6 2 2|6 0 3

e.g.,

— det A ~ 0.

Some equations are numeri-
cally dependent!

—213.[1st Eq.] 4+ [2nd Eq.]
~ 2]7,[4th Eq.]

215, A1 — Aoy + 210, A4 =

2(1p1)° —

1 0 \2 <1|¢1(O) >
5+ 2011 o ) /T (o)
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14 A Naive Way (Doesn’t Work)

For /max = 2, make the 6 x 6 matrix A as

w1 £ m'fux M n
1 0 0|1 O 1
2 1 0|2 1 1
3 1 13 0 2
4 2 014 2 1
5 2 1|5 1 2
6 2 2|6 0 3

e.g.,

2[81A11 — A21 —|— 2]?21441
1 1{¢1(0
_2 =+ 2(]?2 ’ < | L( ) \/1 ‘I‘( >\1)2

2(1p1)° —

— det A ~ 0.

Some equations are numeri-
cally dependent!

—219,[1st Eq.] + [2nd Eq.]
~ 217, [4th Eq.]

—0.0078125
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15 A Better Way

Strategy:
Collect 1 numerically independent equations making use of

singular values s;.

© < Mmax-
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15 A Better Way

Strategy:
Collect 1 numerically independent equations making use of

singular values s;.

© < Mmax-

Example for /max = 1

1 x 1 matrix



2 x 2 matrix Consider
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2 x 2 matrix Consider

Add the next row:
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2 x 2 matrix Consider

A:(All A12)-

S [ An A12>.
A21 A22

Here the singular values are

Add the next row:

S1 — 90099079, So — 0.
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2 x 2 matrix Consider

A:(All A12)-

S [ An A12>.
A21 A22

Here the singular values are

Add the next row:

S1 — 90099079, Sp — 0.

Discard this row and try the next row:
A — All A12 .
Az1 Az
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2 x 2 matrix Consider

A:(All A12)-

A A
A — 11 A2 )
Az A

Here the singular values are

Add the next row:

S1 — 90099079, Sp — 0.
Discard this row and try the next row:
A — A1x Az |
Az1 Az

Here the singular values are

s1 = 6.7669220, s, = 0.2833575.
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3 x 3 matrix Consider
A= ( A1 A A13>-
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3 x 3 matrix Consider
A= ( A1 A A13>-

Add the next row:
( A1 A1 Ais

A= .
Az1 Azp Aoss
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3 x 3 matrix Consider

A= ( A1 A A13>-
Add the next row:

s A1 A1z Ais
A1 Azxx Anz
Here the singular values are
s; = 9.0125599, s, = 0.0015772.
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3 x 3 matrix Consider
A= ( A1 A A13>-

[ A A Ais
A1 Azxx Anz
Here the singular values are
s; = 9.0125599, s, = 0.0015772.

Add the next row:

Add the next row:
(A A Az )

A= Azx1 Azp Aons
\A31 Aszpx Ass )

18



3 x 3 matrix Consider
A= ( A1

Add the next row:

Here the singular values are
s1 = 9.0125599,

Add the next row:
" A

A= Ao
\ A3z

Here the singular values are

Az Ass ).

Aip Ais )

A22 A23

so = 0.0015772.

Az Ass )
A22 A23

Azo  Aszs )

s1 = 9.0125599, s, = 0.2833575,

18

sz = 0.0015772.



3 x 3matrix Consider
A= ( A1

Add the next row:

Here the singular values are
s1 = 9.0125599,

Add the next row:
(VA

A= Ao
\ As1

Here the singular values are

Az Ass ).

Ay Ae )

A22 A23

so = 0.0015772.

Az Ass
A22 A23

A32 A33 )

s1 = 9.0125599, s, = 0.28333575,

— u = 3.

18

sz = 0.0015772.



For /. = 2, 1 = 5, the matrix Ais a 5 x 5 matrix:

i £ m'fu M n
1 0 0|1 O 1
2 1 02 1 1
3 1 13 0 2

2 014 2 1
2 1|5 1 2
5 2 2 O 3
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For /. = 2, 1 = 5, the matrix Ais a 5 x 5 matrix:

w1 £ m' |\ ux M n
1 0 0|1 0 1
2 1 0|2 1 1
3 1 1|3 0 2

2 014 2 1
2 1 (5 1 2
5 2 2 O 3

max — O — Umax = 21 = u =15
lrmax = 10 — pmax = 66 = u = 26
max = 15 — ptmax = 136 =— p = 36
Prnax = 20 — pmax = 231 = u = 43
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16 Determinant as a Function of q
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17 Intensity for the Half Space

Let us put
s = (bs,¢s) = (0s,0).
We obtain
1 ™M
[(I‘, §) — nm(g)Kém,
TRONC
where
dmax
Km = / dgqJm(qlp — pol) D (2 = dmo)e D= 1. (q)
0 M>0,n

X (l$n(M)) dprliT(gA0)]-
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18 Integrand in the Kernel

Integrand in K/—g ,,—o:

qu(Q|p — p0|)
XY (2= byo)e D@m= fr () (€l dpn(M)) di [T (gA)].

M>0,n
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19 Convergence of Intensity 1
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20 Convergence of Intensity 2
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Convergence of Intensity 3
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22 Convergence of Intensity 4
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23 Convergence of Intensity 5
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24 Convergence of Intensity 6
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24 Convergence of Intensity 6
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25 Summary

I am closing my talk by showing five more figures.

e Angular dependence of the intensity at z = 20¢*.
e Angular dependence of the intensity at z = 10/*.
e Angular dependence of the intensity at z = 5/¢*.

e Angular dependence of the intensity at z = 3/*.

e Angular dependence of the intensity at z = 2/*
(effect of ballistic transport).

29



26 Figure 1
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27 Figure 2
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28 Figure 3
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29 Figure 4
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30 Figure 5
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